arXiv: 1506.03721 vl [math.AP] llJun2015 


Dynamics near the subcritical transition of the 3D Couette flow II: 

Above threshold case 

Jacob Bedrossian* and Pierre Germain^ and Nader Masnioudi^ 

June 12, 2015 


Abstract 

This is the second in a pair of works which study small disturbances to the plane, periodic 3D 
Couette flow in the incompressible Navier-Stokes equations at high Reynolds number Re. In this 
work, we show that there is constant 0 < cq 1, independent of Re, such that sufficiently regular 
disturbances of size e < Re“^^^“'^ for any J > 0 exist at least until t = coe~^ and in general evolve 
to be O(co) due to the lift-up effect. Further, after times t > Re^^^, the streamwise dependence 
of the solution is rapidly diminished by a mixing-enhanced dissipation effect and the solution is 
attracted back to the class of “2.5 dimensional” streamwise-independent solutions (sometimes 
referred to as “streaks”). The largest of these streaks are expected to eventually undergo a 
secondary instability at t « e~^. Hence, our work strongly suggests, for all (sufficiently regular) 
initial data, the genericity of the “lift-up effect => streak growth => streak breakdown” scenario 
for turbulent transition of the 3D Couette flow near the threshold of stability forwarded in the 
applied mathematics and physics literature. 
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A Fourier analysis conventions, elementary inequalities, and Gevrey spaces 
B Definition and analysis of the norms 
C Elliptic estimates 

I Introduction 

This work is the second paper in our study of the 3D Navier-Stokes equation near the (plane, 
periodic) Couette flow, following our work [3]. In these works, we study the 3D Navier-Stokes 
equations near the Couette flow in the idealized domain {x,y,z) E T x M x T: if ri+ (y, 0,0)^ solves 
the Navier-Stokes equation, u solves 

/-u2\ 

dtu + ydxU + u ■ Vu+ 'Vp^^ = I 0 1 —Vp^ + vAu ( 1 . 1 a) 

V 0 / 

Ap^^ = -diuWjU^ ( 1 . 1 b) 

Ap^ = —2dxU^ (1-lc) 

V-'u = 0, (l.ld) 

where u = Re“^ denotes the inverse Reynolds number, p^^ is the nonlinear contribution to the 
pressure due to the disturbance and p^ is the linear contribution to the pressure due to the inter¬ 
action between the disturbance and the Couette flow. The purpose of this work, along with 0 , is 
to further the mathematically rigorous understanding of the qualitative behavior of ( 11 . 11 ) for small 
perturbations and small v. This second work is focused on characterizing the dynamics of solutions 
above the stability threshold (but still not too large). 

A major focus of the theory of hydrodynamic stability is the study of laminar flow configurations 
and understanding when they are stable or when they may transition to a turbulent state (or a 
nonlinear intermediate state). The terminology subcritical transition refers to a situation when the 
linear theory predicts stability below some critical Reynolds number or at all Reynolds number (the 
latter Is the case here) but spontaneous transition to a turbulent state is observed in laboratory 
or computer experiments at a much lower Reynolds number than what this theory predicts. To 
our knowledge, the first quantitative study of this process in fluid mechanics was performed by 
Reynolds in 1883 [iQ], and since then, subcritical transition has been observed to be a ubiquitous 
phenomenon in 3D hydrodynamics, repeated by countless physical experiments (see e.g. |36l [2^ 
13311331 fT 8 l m [ 22 l [35l [28]) and computer simulation (e.g. [38l ED EH EZ] and the references therein) 
on subcritical transition phenomena have been performed in many different settings. See the texts 
[I5l|39l|32| and part I of our work [3] for further discussion and references. 

As discussed in [3|, a natural expectation is that while the flow may be stable for all finite 
Reynolds number, the basin of stability is shrinking as i/ —^ 0. Hence, it becomes of interest to, 
given a norm, determine the threshold of stability, sometimes called the “transition threshold”, as 
a function of iz. For example, one would like, given a norm II-H^vj to a 7 = 7 (iV) such that 

II 11 TV ^ implies stability and ||ttin|lTv m general permits instability. Further, one would 

like to identify the possible pathways the solution can take towards transition. A great deal of work 
has been dedicated to identifying 7 and estimates from experiments, computer simulations, and 
formal analysis suggest a threshold somewhere between 1 < 7 < 7/4 for a variety of different initial 
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data and configurations similar to the set-up in ( 11 . 11 ) (see [ 1 ] for more references and some of the 
representative works [i5l H 8 l [U [32l [39l [m [35] or the text [llj and the references therein). In [1] , 
we proved that, for sufficiently regular initial data, 7 = 1 for (|l.ljl (that is, for a sufficiently strong 
norm N, j{N) = 1). 

In this work our goal is to characterize the instabilities of above threshold solutions. We prove 
that there is a universal constant cq with 0 < cq 1 such that for sufficiently regular initial data 
(in the same sense as 0) of size e, if e < for S Oj t/liGii th© solution to (HI) exists until 

at least time t = coe~^ and is rapidly attracted to the class of ^-independent solutions known as 
streaks for times t > . Due to a non-modal instability known as the lift-up effect, the streaks 

(and hence all solutions) will in general grow linearly as 0{et) and by the final time can be 0{cq) 
(which is independent of i'). In our companion work [3], we studied solutions below the e v 
threshold and proved that these solutions are global, return to Couette flow, and also converge to 
the set of streak solutions. While our previous analysis did include solutions which get 0{cq) from 
the Couette flow, all solutions never deviate farther from the Couette flow and are demonstrably 
not involved in any transition processes. 

The foremost interest of this work is that the threshold solutions we study can converge to streaks 
that, due to the lift-up effect, eventually become as large as the Couette flow itself (although we 
cannot follow our solutions to this point). These large streaks induce an unstable shear flow and are 
expected to become linearly unstable, sometimes referred to as a secondary instability [all duns]. 
The instability is observed to involve the rapid growth of x-dependent modes. The process by 
which large streaks exhibit instabilities and drive x-dependent flows is sometimes referred to as 
streak breakdown and is well-documented as one of the primary routes towards turbulent transition 
observed experimentally [251 [9l[T8] and in computer simulations [Ml in], in agreement with a variety 
of formal asymptotic calculations [391 [TTl I42j . That is, it is an expectation that a general route 
towards transition is the multi-step process “lift-up effect ^ streak growth ^ streak breakdown 
transition”. Moreover, the general process of streak breakdown is thought to play an important 
role in sustaining turbulence near the transition threshold and in both the creation and decay of 
“turbulent spots” (see [32| and the references therein). While we cannot take our solutions through 
the secondary instability, we prove that solutions above the threshold (but not too far above) can 
in general converge to unstable streaks and that this is the only instability that possible, which 
is suggestive of the genericity of the above multi-step process as the first step towards turbulent 
transition near the threshold (for sufficiently regular data - see Eemark ll.bi below for more discussion 
on rougher data). 

Unlike in [4], the solutions we are concerned with are unstable in the sense that they might 
transition for t S> e“^, and we are identifying that the streamwise vortex/streak instability as¬ 
sociated with the lift-up effect is dominant whereas all other dynamics are suppressed. At the 
linear level, another important effect is the vortex stretching, which in particular, causes a direct 
cascade of energy to high frequencies in the and components and creates growth which is 
difficult to control. The stabilizing mechanisms suppressing the more complicated nonlinear effects 
are the mixing-enhanced dissipation and the inviscid damping, both due to the mixing from the 
background shear flow. Enhanced dissipation was first observed in (jl.lj) by Lord Kelvin [2l| and 
has been observed in many contexts in fluid mechanics (see e.g. [EHm [I6l|271[8l[39| and the 
mathematically rigorous works PIIZIEI). In (jl.ll) . the mixing due to Couette drives information 
to high frequencies, enhancing the dissipation of x-dependent modes such that they decay on a 
time-scale like ted ~ far faster than the natural “heat equation” time-scale 0(z/“^). The 

idea that the enhanced dissipation effect has an important role to play in (|l.ll) dates back at least 
to m- Indeed, in m, an idea similar to the heuristic (|1.2|) below appears. However, the expec¬ 
tation that a large mean shear should suppress certain kinds of instabilities has been suggested at 
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varying levels of precision in many contexts (see e.g. da Hal [Ml n] and the references therein). 
Inviscid damping in fluid mechanics was first observed by Orr m in 1907 and turned out to be the 
hydrodynamic analogue of Landau damping in plasma physics; see [am for more discussion. Here, 
inviscid damping will suppress the x-dependence of u^, key to controlling certain components of the 
nonlinearity that would otherwise be uncontrollable. 

The fact that we prove results for initial data as large as shows that the streak growth 

scenario is generic even for initial data which is far larger than the 0{iy) threshold, at least for data 
which is sufficiently regular. Moreover, we are not aware of this exponent appearing anywhere in 
the applied mathematics or physics literature previously despite being a threshold of natural inter¬ 
est. The 2/3 threshold can be explained from heuristics. Formal analysis of the weakly nonlinear 
resonances, described in ^2.51 suggests that the natural time-scale before a general x-dependent 
solution could potentially become fully nonlinear, tnl, is at least tnl ^ On the other hand, 

the enhanced dissipation occurs on time-scales like ted ~ . Hence, if the enhanced dissipation 

is to dominate the 3D effects and relax the solution to the manifold of streaks, then we need the 
latter time scale to be shorter than the former, or rather: 

Ted ~ < TiVL- (1-2) 

This is the origin of the requirement e < jy2/3-i-5. small <5 > 0 is to provide a little technical room 
to work with in the estimates (although we do not know if it can be removed). We emphasize that 
getting a convincing estimate on tatl is challenging, which may explain why this threshold does not 
appear in the literature (moreover, the heuristics of ^2.51 are likely only convincing when backed by 
Theorem [U and its proof). After t S> ted tbe solution is very close to a streak and, due to the 
lift-up effect, in general UQ{t) is growing like e (t) until times t ~ e“^, at which point the streak will 
become fully nonlinear (see [SiMiin] and the references therein). Below we discuss several other 
ways to derive the e ~ cut-off which are in some ways more straightforward but also a bit more 
ad-hoc (see 1)2.2.11 and ^2.51) . 

As discussed in HIE], if there is decay-via-mixing then, since mixing is time-reversible (at infinite 
Reynolds number), necessarily there is growth-via-unmixing. This non-modal effect was hrst pointed 
out by Orr |37| and is now known as the Orr mechanism. Some of the more subtle and problematic 
nonlinear effects here are 3D variants of the nonlinear manifestation of the Orr mechanism referred 
to as an “echo”. These are resonances (perhaps more accurately “pseudo-resonances” [44]) involving 
the excitation of unmixing modes (see [lailTlllel HIT] and the references therein for discussion 
about this effect in the context of fluid mechanics and [SUES] for physical experiments isolating 
them in 2D Euler). A similar resonance is also observed in plasmas, known there as a “plasma echo” 
|33j . A key facet of the proof in [4] was the use of careful weakly nonlinear analysis to estimate the 
possible effects of resonances of this general type (and also others). 

Relative to our previous work [3], this work will need more precision in the weakly nonlinear 
analysis and uses more detailed structure of the nonlinearity. In [1], a toy model was derived to 
model the “worst possible” behaviors due to the lift-up effect, the “resonances” associated with 
the Orr mechanism (e.g. echo-like), and the vortex stretching, accounting also for the stabilizing 
mechanisms of enhanced dissipation and inviscid damping (see 1)2.5p . An approximate super-solution 
of this toy model was used to derive a set of good norms with which to measure the solution. The 
super-solution used in [3] required e < n; here we will derive a super-solution which only requires 
e < but (A) it is more subtle than that of [3] and (B) is only valid for t < e“^. This latter 
point is not surprising: at around this point, the solution is expected to suffer streak breakdown and 
transition to turbulence (or at least escape a weakly nonlinear regime). One of the new complexities 
that the super-solution will introduce is that the norm used to measure will need to unbalance 
the regularity of different frequencies in the x-dependent modes of in a subtle and precise way. 
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This turns out to be similar to a technique applied to the scalar vorticity in 2D Ei, however, here 
it is not so much the imbalances within itself which are important, but rather the imbalances 
between and the other components. Together with the much smaller dissipation, the additional 
precision in the norm will noticeably complicate the proof of Theorem[T]below (relative to [3]). Many 
terms here will require a more detailed treatment than that used in [4], either because of the more 
complicated norms or because the dissipation is weaker. The additional precision will require some 
new techniques and better technical tools, including more precise multiplier inequalities relating time 
and frequency (see ^ and several new elliptic estimates (see Appendix 1C.2p . Another adjustment 
we will make here is a nonlinear coordinate transform which is more precise than the one employed 
in [4]; in particular, we will need to account for mixing caused by (0,0, Uq)^ as well as {y + u\, 0,0)^ 
and hence treat the entire streak in an essentially Lagrangian fashion. In order to carry out this 
line of attack we will need to use more structure in the nonlinearity than [4] and understand better 
certain “null” or “non-resonant” structures, in particular, detailed information about how certain 
frequencies interact. 

1.1 Linear behavior and streaks 

Recall the following notation from [4]: the projections of a function / onto zero and non-zero 
frequencies in x are denoted, respectively, by 

fo{y,z) = ^ j 
U = f - fo- 


Next, we recall from [3] the following Proposition, which regards the behavior of the linearized 
Navier-Stokes equations. There is a corresponding result also for the linearized Euler equations; 
see [3] for more details. Without making any attempt to be optimal in terms of regularity, this 
proposition emphasizes the stabilizing mechanisms of enhanced dissipation and inviscid damping, 
and the destabilizing mechanisms of the lift-up effect and the vortex stretching due to the Couette 
flow. The lift up effect is seen in the transient growth in (jl.5ap . the enhanced dissipation in the 
exponentials , the inviscid damping in the decay in (ll.4ap which is uniform in z/, and 

the vortex stretching in the lack of inviscid damping in ()1.4bjl and (jl.4cjl (which is sharp). 

Proposition 1.1. Consider the linearized Navier-Stokes equations 


/-u^\ 

dtu -I- ydxU = I 0 1 “ + izNu 

\ 0 ) 

Ap^ = —2dxU^ 

V • n = 0. 


(1.3a) 

(1.3b) 

(1.3c) 


Let Uin be a divergence free vector field with Uin G ■ Then the solution to the linearized Navier- 
Stokes equations u{t) with initial data uin satisfies the following for some c G (0,1/3), 

||M^(i)||2 + \\u‘^^it,x + ty,y,z)\\j^:, < (t)"^ hlnWnr (l-^a) 

\\ul,{t,x + ty,y,z)\\j^^ < \\uin\\H7 (l-4b) 

\\u^^{t,x + ty,y,z)\\^^ < \\uin\\H7 , (1.4c) 
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and the formulas 


ul{t, y, z) = 0 - o) (l-5a) 

ul{t,y,z) = (1.5b) 

ul{t,y,z) = (1.5c) 

Associated with the linear problem is the Laplacian expressed in the coordinates X = x — ty: 

Al := dxx + {dy — tdx)^ + dzz- (1-6) 


The power of t in this operator is responsible both for the inviscid damping of and the enhanced 
dissipation; see [4] for more information. 

The next Proposition from [3] recalls the nature of the streak solutions: 

Proposition 1.2 (Streak solutions). Let v £ [0, oo), utn £ be divergence free and in¬ 

dependent of X, that is, Uin{x,y,z) = Uin{y,z), and denote by u{t) the corresponding unique 
strong solution to (HTD with initial data Uin- Then u{t) is global in time and for all T > 0, 
u{t) £ L°°((0,T);i/^/^+(M^)). Moreover, the pair (u^(t), ti^(t)) solves the 2D Navier-Stokes/Euler 
equations on {y,z) £ M x T.- 

dtu'‘ + ■ Vu* = —dip + (1.7a) 

dyU^ + dzU^ = 0, (l-7b) 

and solves the (linear) forced advection-diffusion equation 

dtu^+ {u^,u^)-Xu^ =-u^+ vAu^. ( 1 . 8 ) 

Suppose the streak is initially of size e ^ v. From we see that the dissipation does not 

completely dominate the streak until t > before which it could be behaving like fully nonlinear 
2D Navier-Stokes. Due to the lift-up effect in (jl.8jl . in general u^{t) is growing like e (t) until times 
t > e~^, at which point the streak will be on the same order as the Couette flow itself. As discussed 
above, it is expected that sufficiently large streaks should suffer a secondary instability and break 
down into more complicated x-dependent flows (see e.g. [Ml El 02] and the references therein). 


1.2 Statement of main results 

As in [4], our theorem requires the use of Gevrey regularity class PQ], defined on the Fourier side 
for A > 0 and s £ (0,1] as: 



(1.9) 


For s = 1 the class coincides with real analytic, however, for s < 1 it is less restrictive, for example, 
compactly supported functions can still be Gevrey class with s < 1. As discussed in [4], this 
regularity class arises in nearly all mathematically rigorous studies involving inviscid damping [71 
Elll] or Landau damping [in( [34l [5l [50] in nonlinear PDF. In these previous works, the Gevrey 
regularity arises naturally when studying echo resonances, and like |1], it arises here as well when 
controlling related weakly nonlinear resonances. 
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Theorem 1 (Above threshold dynamics). For all s € (1/2,1), all Xq > X' > 0, all integers a > 10 
and all 5 > 0, there exists a constant cqo = coq{s, Xq, X',a,5), a constant Kq = Kq{s, Xq, X'), and a 
constant vq = z^o('S, Aq, A', a, (5) such that for all (5i > 0 sufficiently small relative to 6, all v < vq, 
Co < Coo, o,nd e < , ifuin & Lf is a divergence-free vector field that can be written Uin = us+ur 

(both also divergence-free) with 






+ e 


Koi^ 


3 s 

2(l-s 


\UR 


\h3 < e, 


( 1 . 10 ) 


then the unique, classical solution to o with initial data Uin exists at least until time Tr = cqc 
and the following estimates hold with all implicit constants independent of v, e, cq and t: 


(i) Transient growth of the streak for t kTr: 

|ho(0 - Wn 0 - o) ||gV;s < Cq 

Iho(^) -e''‘^«Lo||gV;s + Iho(^) < coc; 


( 1 . 11 ) 

( 1 . 12 ) 


(ii) uniform control of the background streak for t < Tr: 

lhoW||gV;s <e{t) 

lhoW||gA';s + |ho(0||gV;s < e; 


(1.13a) 

(1.13b) 


(in) the rapid convergence to a streak by the mixing-enhanced dissipation and inviscid damping of 
X-dependent modes: 


{t,x -^ty -^tfi{t,y,z),y,z)\\gy.^ < 


(1.14a) 

{utT 

{t,x + ty -^tfi{t,y,z),y,z)\\gy.„ < 

e 

(1.14b) 

{Rt^r 

{t,x + ty -^tfi{t,y,z),y,z)\\g,^,.„ < 

e 

(1.14c) 

it) 


where 'ijj{t,y,z) is an 0{et) correction to the mixing which depends on the disturbance (defined 
below to satisfy the PDF (j2.14p / and satisfies the estimate: 


ll^(i) - ^^oW||gA';s < e(t) ^ 


(1.15) 


Remark 1.1. Without loss of generality we will assume for the remainder of the paper that n < e 
as otherwise, Theorem [1] is covered by our previous work [1]. 

Remark 1.2. If such that o||gA';s > then (jl.lll) shows that for co 

small (but independent of e and n) and e small, the streak UQ{t) reaches the maximal amplitude of 
||^o(^m)|l 2 ~ times tm ^ Tr = coe“^. Hence, the solution has grown from 0(e) to O(co) over 
this time interval. Moreover, this time-scale is far shorter than the time-scale over which uq 
will decay by viscous dissipation (at least the low frequencies) and so in general the solution will 
become fully nonlinear for t>TR. 

Remark 1.3. Notice that linear theory in Proposition 11.11 suggests the 0{t~‘^) inviscid damping 
of u^, whereas we only have t~^ in ()1.14cp . This discrepancy arises from a 3D nonlinear pressure 
effect and is explained in 1)2.51 (this discrepancy did not occur in [1]). 
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Remark 1.4. Note that the solutions in Theorem [T] are not only large solutions to 3D NSE, but 
also in general they are very far from equilibrium (relative to v). Using naive methods, one would 
only be able to prove existence until Tp ~ loge“^ or perhaps some polynomial such as Tp ~ for 
/3 <C 1 since the Couette flow is rapidly driving large gradients in the solution as well as amplifying 
the solution via the lift-up effect. It is the inviscid damping and enhanced dissipation, together 
with the precise structure of the nonlinearity, which allow us to prove existence all the way until 
Tp ~ e~^ for these large, far-from-equilibrium, solutions. 

Remark 1.5. As in [1], the solutions described in Theorem [T] can exhibit a roughly linear-in-time 
transfer of kinetic energy to high frequencies where it is ultimately dissipated at . 

Remark 1.6. In experiments and computer simulations, “lift-up effect ^ streak growth =► streak 
breakdown” is commonly observed, however there are a number of pathways to transition that 
have also been observed (see m and the references therein). Further, it has been observed that 
the transition threshold in general can depend on the kind of perturbation being made (see e.g. 
[Ml ia tti [35] and the references therein - in fact, this was even observed by Reynolds m)- 
Theorem [T] and |1] are not in contradiction with experimental observations, but instead suggest that 
this is partly related to the regularity of the perturbations. Indeed, authors conducting computer 
simulations have explicitly related the transition threshold with the regularity of the initial data and 
determined different answers |39] . It may also be illuminating to note that while the works [3 El 
rule out subcritical transition of Couette flow in 2D for sufficiently regular perturbations, the works 
of [MllM] suggest it is likely that for sufficiently rough disturbances (about one can observe 

subcritical transition even in 2D via a roll-up instability (and hence (jl.Ih should, in principle, admit 
a pathway to transition which is purely 2D at low enough regularities). 

1.3 Notations and conventions 

We use superscripts to denote vector components and subscripts such as di to denote derivatives 
with respect to the components x, y, z (or X, Y, Z) with the obvious identification di = dx, d 2 = dy, 
and da = dz- Summation notation is assumed: in a product, repeated vector and differentiation 
indices are always summed over all possible values. 

See Appendix |A| for the Fourier analysis conventions we are taking. A convention we generally 
use is to denote the discrete x (or A) frequencies as subscripts. By convention we always use Greek 
letters such as rj and ^ to denote frequencies in the y or Y direction, frequencies in the x or A 
direction as k or k' etc, and frequencies in the z or Z direction as I or V etc. Another convention 
we use is to denote dyadic integers by M, A E 2^ where 

2^ — / 2~^ - - I 2 2^ \ 


This will be useful when defining Littlewood-Paley projections and paraproduct decompositions. 
See 114.21 for more information on the paraproduct decomposition and the associated short-hand 
notations we employ. Given a function m G we define the Fourier multiplier m(X)f by 

{m{V)f)k{v) = m{{ik,ir],il))fk{r],l). 

We use the notation f ^ g when there exists a constant C > 0 independent of the parameters of 
interest such that f < Cg (we analogously define f ^ g)- Similarly, we use the notation f ^ g 
when there exists C > 0 such that C~^g < / < Cg. We sometimes use the notation / g if we 



want to emphasize that the implicit constant depends on some parameter a. We also employ the 
shorthand t®'*' when we mean that there is some small parameter 7 > 0 such that and that 
we can choose 7 as small as we want at the price of a constant (e.g. H/H^oo < ||/||j:^3/2+). We will 
denote the vector norm \k,rj,l\ = |/c| + |r/| + \l\, which by convention is the norm taken in our 
work. Similarly, given a scalar or vector in we denote 



We denote the standard U’ norms by ||/||p and Sobolev norms ||/||j|/a := ||(V)^/|| 2 . We make 
common use of the Gevrey-| norm with Sobolev correction defined by 


2 

gX,cy,3 



g 2 A|M,r drj. 


Since in most of the paper we are taking s as a fixed constant, it is normally omitted. Also, if 
(T = 0, it is omitted. We refer to this norm as the norm and occasionally refer to the space of 

functions 


= {/ G : \\f\\g,,..,3 < 00 } . 

See Appendix [A] for a discussion of the basic properties of this norm and some related useful 
inequalities. 

For 77 > 0, we define E{r]) G Z to be the integer part. We define for 77 G M and 1 < |A:| < 
with r]k > 0 , 4 ,^ = \k \ ~ 2 |fc|(|fc|+i) = + 2 |fc|(|fc|+i) ^ 1^1 critical intervals 

J ^ I if 7 ^ > 0 and 1 < |A:| < F;(y^), 

\ 0 otherwise. 


For minor technical reasons, we define a slightly restricted subset as the resonant intervals 


I 


k,7] — 


0 otherwise. 


Note this is the same as putting a slightly more stringent requirement on k: k < 


2 Outline of the proof 

In this section we give an outline of the main steps of the proof of Theorem [T] and set up the main 
energy estimates, focusing on exposition, intuition, and organization. We will try to give specific 
emphasis to what is new relative to [4], and discuss fewer details on issues that are common to both 
works for the sake of brevity. After ^ the remainder of the paper is dedicated to the proof of the 
major energy estimates required and the analysis of the various norms and Fourier analysis tools 
being employed. 
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2.1 Summary and weakly nonlinear heuristics 

2.1.1 New dependent variables 

As in [1], we find it natural to define the full set of auxiliary unknowns g* = Au* for i = 1, 2, 3. A 
computation shows that (g*) solves 

( dtq^ + ydxQ^ + 2dxyU^ + u- Vq^ = —q^ + 2dxxU^ — q^djv} + dx (diu^dju^) — 2diU^dijU^ + uAq^ 

< dtq^ + ydxq^ + u ■ Vq^ = —q^djV? + dy {diU^djU^) — 2diU^dijV?‘ + vAq^ 

dtq^ + ydxq^ + 2dxyU^ + u ■ Vq^ = 2dzxu‘^ — q^djU^ + dz [diuWju^) — 2diU^dijU^ + vAq^. 

(2.1) 

Note that the linear terms have disappeared in the PDE for q^ but not q^ and q^. 

2.1.2 New independent variables 

As in [4], the need for a change of independent variables can be understood by considering the 
convection term ydxq'‘ + u • Vq'* which appears in (I2.1|) above. Due to the mixing, any classical 
energy estimates on q in (say) Sobolev spaces will rapidly grow. Via the lift-up effect, u\ will 

2 3 ^ 

be very large, whereas even the other contributions of the streak, Uq , will not be decaying and 
cannot be balanced by the dissipation as they are far larger than ly. More specifically, the growth of 
gradients caused by mixing due to the streak cannot be balanced. In [3], the coordinate system was 
modihed to account for the mixing action of Uq (and Uq as a by-product); here we will go further 
and also account for Uq, effectively treating the entire streak in a sort of Lagrangian fashion so that 
norm growth due to these velocities is not seen in our coordinate system. 

A full study of the coordinate transformation is done in ^2.41 below, but let us just make a quick 
summary here. We start with the ansatz 

{ X = x-ty- t'il;{t,y,z) 

Y = y + 'ijj{t,y,z) 

Z = z + 4>{t,y,z), 

The shift if is chosen as in [4], however f is chosen to eliminate the contributions of Uq from 
the transport term. Indeed, consider the simple convection diffusion equation on a passive scalar 
f{t,x,y,z) 

dtf + ydxf + u-Vf = lyAf. 

Denoting F{t, A, V, Z) = /(t, x, y, z) and U{t, X, Y, Z) = u{t, x, y, z), and and V* for the expres¬ 
sions for A and V in the new coordinates, this simple equation becomes 

fuf — t(l -|- dyif)u'^ — tdzifu^ — + iziAi/jX 

dtF -t I (1 dyii)vf + dzifvz’ + dtif - vAif j • Vx,y,zF = vAfF, (2.2) 

\ (1 -b dz(t))u^ + dycfv? + dt(j) - vAcf ) 

where A^ is a variant of A* without lower order terms; it is given below in (I2.13bp . To eliminate 

the zero frequency contribution of the first component of the velocity field, as in [3], we will choose 
u\ — t(l + dyif)uQ — tdzifuQ — -^{tif) -b vtAij) = 0. To eliminate the zero frequency contribution of 
the third component, we further choose (1 -b dz4>)uQ + dycfu^ + dtcf = vAcf. As in [3], we now recast 

the equations on in terms of C^{t,Y,Z) = 'if{t,y,z), C‘^{t,Y,Z) = (f{t,y,z) and the auxiliary 

unknown g = j{Uq — C). After cancellations are carefully accounted for we have 

' dtC^ + Uo • Vy,zC^ = g-ui + uAtC\ 

< dtC^ + Uo • Vy,zC2 = -c/3 + uAtC"^, (2.3) 

^ dtg + Uo • VY,zg = -^g-\(u^- V^C/^)^ + i^A^g, 


10 





and 


' Ql + U- Vx,y,zQ^ = -Q^ - ^d^xyU^ + ‘^dxxU^ - Q^dp^ - 2djWdp^ + dx{djWdp^) + uPq^ 
< Ql + U- Vx,y,zQ^ = -Q^dp^ - 2dp^dp^ + d^dp^dp^) + uAtQ^ 

Qt+U- Vx,y,zQ^ = -2dpu^ + 2d^xzU^ “ Q^dp^ - 2dp^dp^ + d^zidp^dp') + 

(2.4) 

where (9| denote derivatives including the Jacobian factors dz'4’^dy'tp,dy4>,dz4> (see ^2.41 below) and 

fP - P + dyPp - tOzipUp 
u=l {I + dypp + dzi/jp + g . 

\ {1 + dz4>)U^ + dy(f)U^ ) 

Notice that this transformation almost completely eliminates the zero frequency contribution of Uq, 
so we are treating the advection by the evolving streak UQ{t,y,z),UQ{t,y,z),UQ{t,y,z) in a nearly 
Lagrangian way (as in [4], 51 is rapidly decaying independently of v). 


2.2 Choice of the norms 


The highest norms we use are of the general type || 74 ®(t, V)( 5 ®(t)|| 2 , where the A® are specially 
designed Fourier multipliers. See (I2.37h below for the definitions of A^. For i = 1,2 the norms 
are similar to [1], however, here they need to be adjusted at high frequencies in Z. For i = 3 the 
difference is more pronounced as the w multiplier is replaced with a specially adjusted w^. Recall 
that these factors are estimates on the “worst-possible” growth of high frequencies due to weakly 
nonlinear effects. Roughly speaking, here they are taken to satisfy the following for \p < |r/| (and 
hence Pn\ < t < \g\), 


dtw{t,g) 

w{t,g) 

Wk{t,v) 


~-i-) when 1 1 ? I ^ ^ 

i_|_U _ Vp \ 

' k' 

~'w;(t,7?), when|t-2|<^ 

~ H,| + |!,_a| I*- 


and rc(l, g) = 1 


R\ 
k I 


< ^ 


and k / k'; 


(2.5a) 

(2.5b) 

(2.5c) 


see Appendix[B]for the full definition and l)2.5l for the heuristic derivation. We see that unbalances 
the regularity in a way that enforces more control over frequencies near the critical times than away 
from the critical times. This is closely matched by the loss of ellipticity in Al and allows to trade 
ellipticity and regularity back and forth in a specihc way. 

Finally, as pointed out in [3], one can read off the requirement s > 1/2 from (|2.5p . Indeed, 
integration over each critical time gives for some C > 0 , 


w{2g,g) / \ 

wiVg,g) ^ Uv^OV 


which predicts a growth like 0{e^^'A^) up to a polynomial correction by Stirling’s formula. 


2.2.1 Weakly nonlinear heuristics 

First, let us point out another heuristic for deriving the requirement e < . Many nonlinear 

terms in the proof are naturally estimated in the following general manner: 


NL< 




P^lAp^ P^lAP 


+ 


U {up 


2a 


pQ^W 


(2.7) 
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where recall from ^l.ll that = dxx + {dy — t^xY + dzz-, the leading order dissipation that comes 
from the linearized problem. The comes from a ‘low-frequency’ factor that was estimated 

via the enhanced dissipation. Since ~ it is apparent that u ~ is the smallest 

choice of u such that (12.71) can be integrated uniformly in zz —>• 0. 

Now, let us quickly recall some terminology from [4] and some discussion on the weakly nonlinear 
effects. The behavior in Theorem [1] comes in essentially two phases. During early times t < 
tnl ~ the solution has strong 3D effects and the dissipation cannot control the leading order 

nonlinear terms. On this time scale, the regularity unbalancing in and insight from the toy model 
of 1)2.51 is crucial. After times t > ted ~ the enhanced dissipation begins to dominate and 

the solution converges to a streak; the main growth from then on is due to the lift-up effect. The 
assumption of e < jg what ensures the two regimes overlap since then txl ^ ted] moreover 

since 4 > 0 , by picking z/ small we can make sure that the overlap regime is large (that is, we can 
ensure txl ^ ted so the dissipation dominates comfortably before the nonlinear time-scale). 

As in [4], we classify the nonlinear terms by the zero, or nonzero, x frequency of the interacting 
functions: denote for instance 0 - 7 ^ —)• 7 ^ for the interaction of a zero mode (in x) and a non-zero mode 
(in x) giving a non-zero mode (in x), and similarly, with obvious notations, 0 • 0 —)• 0 , 7 ^ • 7 ^ ^ 7 ^, 
and 7 ^ • 7 ^ —)• 0 . 


(2.5NS) (0 • 0 —)• 0) For 2.5D Navier-Stokes, this corresponds to self-interactions of the streak. We will 
see that there are new complexities to these terms here: due to the regularity imbalancing in 
w^, the regularity of Mq and Uq are not the same and terms that were straightforward in [ 3 | 
are not so here. 

(SI) (0- 7 ^ —>• 7 ^) For secondary instability, this effect is the transfer of momentum from the large Uq 
mode to other modes. Actually, even more here than in [1], Uq and Uq will matter; especially 
the latter due to the regularity unbalances in w^. These interactions are those that would 
arise when linearizing an x-dependent perturbation of a streak and so are what ultimately give 
rise to the secondary instabilities observed in larger streaks (hence the terminology) |39l [TT] . 

(3DE) ( 7 ^ • 7 ^ —)• 7 ^) For three dimensional echoes, these effects are 3D variants of the 2D hydrody¬ 
namic echo phenomenon as observed in [511 [52] . These are understood as weakly nonlinear 
interactions of x-dependent modes forcing unmixing modes [171II61[7|. We will see in 1)2.51 
that these are the primary reason for the regularity imbalances in and hence are the source 
of most of the additional difficulties in the proof of Theorem [TJ This involves two non-zero 
frequencies ki, /c 2 interacting to force mode ki + ^2 with fei, /c 2 ) + ^2 / 0 . 

(F) ( 7 ^ • 7 ^ —>• 0) For nonlinear forcing, this is the effect of the forcing from x-dependent modes back 
into x-independent modes. This involves two non-zero frequencies k and —k interacting to 
force a zero frequency (and as usual, in general this could involve a variety of the components). 
Similar to (3DE), it is Mq that is most strongly affected by these terms, and it is these that 
are responsible for altering the regularity of Uq relative to Uq. 

As in [3|, these nonlinear interactions are coupled to one another and can precipitate nonlinear cas¬ 
cades. The need to consider possible nonlinear bootstraps both precipitates the Gevrey-2 regularity 
requirement as in [3| and the regularity imbalances in u^, as we will derive formally in 1)2.51 

We will now begin a detailed outline of the proof of Theorem [1] and set up the main energy 
estimates that will comprise the majority of the paper. 
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2.3 Instantaneous regularization and continuation of solutions 

3An a' 

The first step is to see that our initial data becomes small in ^ 4 '^4 after a short time. We state 
without proof the appropriate lemma, see pm for analogous lemmas. 

Lemma 2.1 (Local existence and instanteous regularization). Let Uin S satisfy (ll.lOh . Then 
for all v G (0,1], cq sufficiently small, Kq sufficiently large, and all Aq > A' > 0, if Uin satisfies 
(11.101). then there exists a time L = t^(s. Kn. Xn. X') > 0 and a uniaue classical solution to o 
with initial data Uin on [0, t*] which is real analytic on (0,t*], and satisfies 

sup \\u{t)\\gx<2e, (2.8) 

telu/2,u] 


where A = ^ + ^. 

Once we have a solution we want to be able to continue it and ensure that it propagates 
analyticity based on low norm controls. This will allow us to rigorously justify our a priori estimates 
and that these a priori estimates allow us to propagate the solutions. See [3] for more discussion. 
We remark here that analyticity itself is not important, we only need a regularity class which is a 
few derivatives stronger than the regularities we work in below, so that we may easily justify that 
the norms applied to the solution take values continuously in time. 

Lemma 2.2 (Continuation and propagation of analyticity). Let T > 0 be such that the classical 
solution u{t) to (|l.ljl constructed in Lemma[2A\ exists on [0,T] and is real analytic for t G (0,Tj. 
Then there exists a maximal time of existence Tq with T < Tq < 00 such that the solution u{t) 
remains unique and real analytic on (0,To). Moreover, if for some t < Tq and a > 5/2 we have 
limsup^^.,- ||u(t)||< 00 , then r < Tq. 

2.4 Q* formulation, the coordinate transformation, and some key cancellations 

As in P) remove the fast mixing action of both the Couette flow and UQ{t). However, we go 
further and essentially treat the entire streak in a Lagrangian way so that we do not see the large 
gradient growth due to the zero frequencies in the velocity field. In this work we need: 

1. to control the regularity loss due to transport effects in our special set of of norms until 
t ~ e“^; 

2. to be able to treat the Laplacian in the new coordinates as a perturbation from Ax,, so that 
we can take advantage of the inviscid damping and enhanced dissipation effects; 

3. to be able to make practical estimates on the behavior of the coordinate system and the 
coordinate transformation needs to treat the dissipation in a natural way, instead of losing 
derivatives. 

The latter two are the same as P t>ut the first one is potentially far more difficult since the streak 
is far larger than v and so cannot be balanced by viscous effects. The middle requirement suggests 
the form 


X = x-ty- tf{t,y,z) 
Y = y + f{t,y,z) 

Z = z + (j){t,y,z), 
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(2.9a) 

(2.9b) 

(2.9c) 






however, unlike [1], we will not take 4> = 0. Provided ip and p is sufficiently small in a suitable 
sense, one can invert (|2.9I) for x,y,z as functions of X,Y,Z (see ^and [3] for more information). 
In keeping with the notation in [4] , denote the Jacobian factors (by abuse of notation), 

Mt, Y, Z) = y{t, Y, Z), z{t, Y, Z)) 

P;y{t, Y, Z) = dy^Pit, y{t, Y, Z), z{t, Y, Z)) 

Mt, Y, Z) = dMt, y{t, Y, Z),z{t, Y, Z)) 

Mt, Y, Z) = dtPit, y{t, Y, Z), zit, Y, Z)) 

Py{t, Y, Z) = dyP{t, y{t, Y, Z), z{t, y, Z)) 

Mt, Y, Z) = d.Pit, y{t, Y, Z), z{t, Y, Z)). 


In what follows we will usually omit the arguments of y{t, Y, Z) and z{t, Y, Z) and use a more 
informal notation, such as iptit, Y, Z) = dt'<p{t, y, z). 

Define the following notation for the {x,y,z) derivatives in the new coordinate systems 


dx 

(2.10a) 

(1 -b py){dY - tdx) + Pydz 

(2.10b) 

(1 -b Pz)dz + Pzidy - tdx) 

(2.10c) 

{dx, 4 ) 4 )^- 

(2.10d) 


Note that these necessarily commute. Consider the transport of a passive scalar by a perturbation 
of the Couette flow; 


dtf + ydxf + u-Vf = uAf. ( 2 . 11 ) 

Denoting F(t, X, Y, Z) = /(t, x, y, z), the transport equation (|2.11l) in the new coordinate system is 
given by 

fvP — t(l + dy'4})u^ — — '^{'t'4’) + ti'A'ipX 

{1 + dy'ip)u^ + d:,'ipu'^ + dtip - • Vx,y,zy = (2.12) 

\ (1 + dzct))u^ + dycpu^ + dtp - vAp ) 

where the upper-case letters are evaluated at {X, Y, Z) and the lower case letters are evaluated at 
(x, y, z) and we are denoting 


AtF = dxx + 4 (44 + 4 (44 (2-13a) 

AtF = AtF - APidy - tdx)F - ApdzF. (2.13b) 

Eliminating the zero frequency of the first component of the velocity field in (I2.12p provides the 
requirement on p (the same as in [3]), 

Uq — t (1 -|- dyp) Uq — tdzpUQ — ^(^V') = —vtAp. (2-14) 

In [4], 0 was chosen to be zero for simplicity and the transport due Uq was absorbed by the 
dissipation. Even with no dissipation at all, in standard regularity classes one could attempt to deal 
with Uq until t ~ by using the commutator trick employed in e.g. [29t 126]. however, armed with 
our complicated norms, which in particular, have a non-trivial angular dependence in frequency, this 
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could become hard (see [7] for what kind of issues could arise). Instead, we will shift our coordinate 
system along with Uq by eliminating the third component of the velocity field in (12.121) via; 

{1 + dz(l))ul + dy(l)ul + dt4> = I'Acj), (2.15) 

which, as mentioned above, is effectively a Lagrangian treatment of the background streak. Below 
we denote 


C^{t,Y,Z) = 

C‘^{t,Y,Z) = 

C{t,Y,Z) = {C\t,Y,Z),C\t,Y,Z)f. 


From the chain rule we derive: 

'ipy = dyC^ = (1 + '^y) dyC^ + cj)ydzC^ (2.16a) 

= d\C^ = (1 + ^z)dzC^ + ^zdyC^ (2.16b) 

= dyC"^ = (1 + 'ipy) dyC"^ + (pydzC^ (2.16c) 

</>. = d^zC^ = (1 + c/)z)dzC^ + ikzdyC"^ (2.16d) 

tpt = dtC^ + 'iptdyC^ + (jitdzC^ (2.16e) 

= dtC^ + i^tdyC^ + (t)tdzC\ (2.16f) 


Analogous to [4], we will get estimates on C* and use them to deduce estimates on ip and p. This 
necessitates solving (I2.16P for 'ipy,'ipz,4>y^4>z ~ note that these form a 4 x 4 linear system: 


A 

-dyC^ 

0 

-dzC^ 

0 \ 

(^y\ 


fdyC^\ 


0 

1-dyC^ 

0 

-dzC^ 

i’z 


dzC^ 


-dyC^ 

0 

1 - dzC^ 

0 

(py 


dyC^ 

V 

0 

-dyC'^ 

0 

1 - dzcy 

\(pzj 


\dzcy 


For VC® sufficiently small we can solve the linear system and derive 


(2.17a) 


(2.17b) 


(2.17c) 
(2.17d) 

The precise form of (I2.17P is not interesting and it is straightforward to recover estimates on the 
Jacobian factors from estimates on C® using (12.171) and the appropriate product rules. Note that 
AtC^ = /S.'ip and A^C^ = Ac/), and hence 


1 - 


(a„c^ + 




n=l 


-dyC^ 


Ipz = 


(1 - dyC^) (l - {dzC^ + 

(1 + Pz)dzC^ 

l-dyC^ 


A = 


_ dyC^ +d\C<py_ 


1 - dyC^ 


Atf = Atf + AtC\dy - tdx)f + AtC^dzf. 


(2.18) 
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From the chain rule together with (12.141) . (12.151) . and (j2.18l) . we derive 


dtC^ + 


(1 + V’y) t^o + + '4’t- 

(1 + 4>z)Uq + (py^Q + (j)t — vAfC'^ 


. = -U^ + vAtC^. 


As in [3], we will define another auxiliary unknown g, 

a = 7 (c„‘ - c‘), 

which, as in [3], roughly speaking, measures the time oscillations of Uq and satisfies 


(2.19a) 

(2.19b) 

( 2 . 20 ) 


dtg + 


(1 + 'ipy)U^ + 'ipzU^ +tpt- vAtC^ 

(1 + 4’z)Uq + 4'yUQ + (j)t — 


Vy.zs = -y - ) 
Next, from (|2.19ap . (I2.20p . (I2.16el) . and (|2.16fh . we derive 
A = 9-Uq- 




<Pt = -u! - 


(1 + ^y) c/2 + V’.C/o^ 
(1 + 0,)C/3 + (fayU^ 

(1 + i^y) Uq + i/JzUq 

(1 + (PzWq + </>J/C/q 


3 , ^ 7r2 I -VC^ + iaAtC^ 


• VC'2 + i/AtC'2. 


and equivalently, from ()2.16p . 


V't + (1 + V'j/)f^o + ^zUq — 9 + vAtC^ 

+ (1 + (Pz)Uq + ipy^o ~ z^AtC'2. 


+ ^Atg. (2.21) 

(2.22a) 

(2.22b) 


(2.23a) 

(2.23b) 


Deriving the resulting cancellations as in [3] , we have that the following velocity field will ultimately 
govern our equations: 



C/l - t(l + ^j,)C/2 - tv^,c/3' 

(1 + 'lpy)U‘^ + TpzU^ 

^ .2 


(1 + 4>z)U^ + 4>yU^ 


(2.24) 


We also derive the governing equations 

dtC^ +gdYC^ =g-U^ + vAtC^ 


and 


dtC^ + gdyC^ = -Ul + uAtC^ 


dt9 + gdyg = -y - y (u^ ■ + ^^t9- 


Further notice that the forcing term from non-zero frequencies can be written as 

(c,,. vc^)^ ={[/,,. VC/y„. 


(2.25a) 

(2.25b) 


(2.26) 


(2.27) 
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Furthermore, as in [3] we have, denoting Q^{t, X,Y, Z) = z): 

' Ql + U- vgi = -g2 _ + ‘^dxxU‘^ - Q^Op^ - 2dlWdp^ + dxpWdp^) + 

< Ql + U- vg2 = -Q^dp^ - 2dp^d\p‘^ + dl.{dpwp^) + i^AtQ^ 

Ql + U- vg3 = -2dpu^ + 2d^xzU^ “ Q^dp^ - 2dp^dp^ + d\{dp^dp^) + vPq^, 

(2.28) 

where we use the following to recover the velocity fields: 

[/* = A^^g* (2.29a) 

dp^ = 0. (2.29b) 

For the majority of the remainder of the proof, (|2.28p . together with (j2.25jl . (j2.26jl and (j2.29jl . will 
be the main governing equations. The one exception will be in the treatment of the low frequencies 
of X independent modes, where the use of (I2.29ap can be problematic. For these we use X averages 


of the momentum equation. 

As in [4], from now on we will use the following vocabulary and shorthands 

U - Vg“ = “transport nonlinearity” T (2.30a) 

-Q^dp^ - 2d\Wd\p^ = “nonlinear stretching” NLS (2.30b) 

da{djU^dp^) = “nonlinear pressure” NLP (2.30c) 

—25^yf7" = “linear stretching” LS (2.30d) 

2d‘x^U‘^ = “linear pressure” LP (2.30e) 

(^At — Al^ g" = “dissipation error” Ve', (2.30f) 


see [4] for an explanation of the terminologies. As in [4], each of the nonlinear terms will be further 
sub-divided into as many as four pieces in accordance with the different types of nonlinear effects 
described in ^2.2.11 Furthermore, each of the three components of the solution are qualitatively 
different and measured with different norms, which means certain combinations of i and j need to 
be treated specially. 

As in [1], we need to take advantage of a special structure in the equations which reduces 
the potential strength of interactions of type (F). By considering the interaction of two non-zero 
frequencies, k and —k, and putting together the contributions from transport, stretching, and 
nonlinear pressure we get the terms which we refer to as forcing, corresponding to the nonlinear 
interactions of type (F), 


:= -At (uppp + di (djuppp = -djdP (up^] + dpp (upi 




'I 








(2.31) 


the advantage being that the X averages remove the —tdx from the derivatives. 


2.5 The toy model and design of the norms 

Following up on the approach discussed in [4] , in this section we want to perform a weakly nonlinear 
analysis and determine both tnl, the characteristic time-scale associated with fully 3D nonlinear 
effects, and the norms with which we want to measure the solution. 

Denote the Fourier dual variables of (X,Y,Z) as {k,r],l). As in [4], a time which satisfies 
kt = r] is called a critical time (Orr’s original terminology [37]) or resonant time (after modern 
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terminology m EH ESI 112]). Notice that these are precisely the points in time/frequency where 
loses ellipticity in Y (recall (ll.Gp l. Recall the definition of 1^^,^ from ^1.31 which denotes the resonant 
intervals t ~ f with < |t/|. This latter restriction is possible due to the uniform ellipticity of 
with respect to dx which implies the larger the k, the weaker the effect of the resonance. 

From [4], we recall the toy model for the behavior of (|2.28p near critical times for and at 
frequency {k, rj, 1) and (A:', t], 1) for kt k, r] and k ^ k' k, k\ 

dtQl{t,r],l) = max(et,co)^-q ^^—- ly (^k"^ + \r] - kt\^'j Ql 

dtQl:{t,'n,l) = max(et,co) Ql, - u + \t] - Ql, 

= (Jty ktf ^ ^ I’' - ‘‘i') '31' 

= k + \n-kt\ ^^ + k + \n-kt\ ^i -+1.) - fcf) 51 
8.5i(*.», i) = *51 + k-^+ ^'‘-ktf ~ 

d,Ql(t, V, i) = *51 + - '*»" 51 , 

where all unknowns are evaluated at frequency ( 77 ,/). 

Let us first use (|2.32p to get an estimate on tnl- If we first consider the case ly = 0, then we can 
estimate txl from below if we can find an approximate super-solution to (I2.32p which will result in 
a reasonable regularity requirement (say analytic or weaker). Even with u = 0, we can verify that 
the following is a viable super-solution to (I2.32p over t S 1^. provided < 1: 


dtw{t, rj) 

^ 1 + 

\t — 

rjlW{t,r]) 

k \ 

(2.33a) 

Ql^ 



« w{t,r]) 

(2.33b) 

Ql^ 



a tw{t,r]) 

(2.33c) 


Due to the fact that both the resonant and non-resonant frequencies experience the same total 
growth (|? 7 | \k\~‘^y, for some c, for all \k\ < the loss is multiplicatively amplified through each 

critical time (to see this, take k' = k — 1 and consider the critical times ri/k,r]/{k — l),ri/{k — 2),...). 
From this, one sees that this super solution predicts Gevrey-2 regularity loss (see (12.6p above or mEi 
for more information). Therefore, even with no viscosity, according to the super-solution (j2.33p . a 
sufficiently regular solution could remain under control until at least tnl ^ It would be more 

difficult to derive a good heuristic to estimate txl from above; the toy model (12.3211 is designed to 
give robust upper bounds on the dynamics, not necessarily to make a good model for any particular 
realization of the true dynamics, hence even if we explicitly solved (|2.32D exactly, perhaps the toy 
model itself throws away too much information. 

In order to prove Theorem [H we will need a more accurate super-solution than (I2.33p . Notice 
further that the super-solution used in [4] does not work here due to the terms in (|2.32cjl and 
(I2.32fp with et^ present. The idea is to take better advantage of the denominators in (I2.32p to 
recover the extra t in the numerators of these terms. Quite precisely, we will trade one power of the 
denominator for a power of t. To do this, one must permit the regularities to become unbalanced: 


(2.32a) 

(2.32b) 

(2.32c) 

(2.32d) 

(2.32e) 

(2.32f) 
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()2.32cp and (I2.32fp both indicate that Q^,, for k' ^ k (e.g. non-critical or non-resonant) should be 
t{k + |?7 — kt\)~^ larger than Q\. Accordingly, we see that for e < and et < 1, the following is 


an approximate super-solution for (I2.32h over Ik^n- 

dtw{t, T]) « |!_ 7]) (2.34a) 

+ r fcl 

w^{t,k,r]) = w{t,r]) (2.34b) 

|t| + I* _ P.34c) 

“’’’(‘'"•I)- |t| + I* _ (2'3«) 

Qk ~ Ql -Qk- w{t, V) (2.34e) 

Qi ~ Qo ~ w^it, k', T]) (2.34f) 

Qi ^ Ql « tQl (2.34g) 


The last line is not deduced directly from (I2.32p . but is deduced (heuristically) in the derivation of 
(I2.32P via the lift-up effect (see [1]). Notice that when (5| forces Q^, and Qq near the critical time, 
we will gain the factor of t~^{\k\ + \rj — kt\), precisely what is needed to exchange the et^ in the 
leading terms in (j2.32cl) and (j2.32fp into This suffices since et^ ^ 1 when e < (another 
equivalent way of seeing the 2/3 threshold). The regularity loss in (I2.34p is peaked near the critical 
times, and as in [5], we will further modify w and to include additional steady, gradual losses 
of Gevrey-2 regularity over 1 < t < 2 |r/| (see (IB.4jl in Appendix IB. Ijl . This will further unify the 
treatment of many estimates, and its potential usefulness is also suggested by the toy model (e.g. 
the first term in (j2.32bp i. 

As discussed in [1], the toy model (j2.32p only provides an estimate on (I2.28|) near the critical 
times. For t S> \rj,l\ it does not apply. As in [3], we know from Proposition 11.11 that and 
must grow quadratically at these ‘low’ frequencies due to the vortex stretching inherent in the linear 
problem. On the other hand. Proposition 11.11 predicts that n? decays like or equivalently, 

that is uniformly bounded. This behavior was nearly preserved in the below threshold case [4], 
however, it turns out that the nonlinear effects here are strong enough to possibly cause a large 
growth in Q^. The RHS of (I2.32ap originally came from the nonlinear pressure term in the 
equation: 


dtQl = 4 {dxU^d^zU^) + ... 


(2.35) 


For times/frequencies with t ^ |Vy^^|, we can ignore any issues regarding the critical times and 
just estimate the size of this term based on the predictions of Proposition 11.11 and we have 


\dtQ^ 


< 

rs_/ 


(l/fS)" 


+ ... 


Therefore, if e ~ then we predict that can be at best bounded by only ^ e (t) (nt^) 
which suggests a transient growth due to nonlinear effects, in contrast to [1]. Further, this suggests 
the following inviscid damping/enhanced dissipation estimate: 


U: 


7^1 


< 


it) 


(2.36) 


consistent with Theorem [TJ When considering the ubiquitous UWj and diU^dj structure of the 
nonlinearity in (j2.28p . we see that (j2.36l) is borderline in a certain sense. Indeed, we normally have 
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factors like U‘^{dY — tdx) and so this will be just enough damping to ensure that (regularity issues 
aside) the —tdx derivatives do not completely dominate the nonlinearity and hence destroy the very 
special “non-resonance” structures available (indeed, this is the main role inviscid damping plays 
in the proof of Theorem [T|). This is also another way to derive the 2/3 threshold. 


2.6 Design of the norms based on the toy model 

The above heuristics suggests that we use a set of norms which is more complicated than the norms 
in [1]. The high norms will be of the following form, for a time-varying A(t) defined below, s > 1/2, 
0 < (5i ^ (5, and corrector multipliers w, w^, and wl (here {t,k,r],l) are now arbitrary): 


Al{t,ri,l) 


A{t,r],l) 




{k,r],iy 






WL{t,k,ri,l) \w{t,r]) 
min ^1, ^k (*> V, 0 

{vJ) \ ^ A^{t,r],l) 


Ifc^o min I 1 


Ifc^omin 1 


’ t 

{v,ir 




+ 1 a :=0 6 


X{t)\k,r],l\‘‘ 


{k,r],lY 


WL{t,k,r],l) ywl{t,ri) 

A^{t,r],l), 






(2.37a) 

(2.37b) 

(2.37c) 


(2.37d) 

(2.37e) 


where fi, w, and are defined precisely in Appendix [B] and wl is defined in ADpendix lB.2l (w and 
are derived approximately in (I2.34p above). As in [3], the multiplier A is used to measure C* 
and g whereas A* is used to measure Q*. Here is chosen sufficiently small depending only on 6. 
We choose the radius of Gevrey-^ regularity to satisfy 


m = - 


6x 


(t) 


min(2s,3/2) 




where we fix d\ <C min(l, Aq — A') small such that X{t) > (Aq + A')/2. 

Let us briefly mention some implications of using in (I2.37p . Note first of all from (j2.34l) that 
is the same as w except near the critical times, however, near the critical times, w^{t,r]) for 
non-resonant modes is larger, and hence (12.371) will assign them less regularity (see (IB.SP in M 
for the precise definition). This will create a gain in energy estimates when or force 
and will be a loss when the vice-versa occurs. It will also create a similar imbalance in nonlinear 
interactions between resonant and non-resonant modes in Q^. The last detail to notice is that, due 
to the ^ , the effects of w and vr’ are only visible in the subset of frequencies such that \'q\ > |^|. 

This additional precision was not necessary in [3], however, it is necessary here due to problems 
with regularity imbalances at high frequencies in Z (for example, in ^6.2.3p . Note it is natural that 
the resonances should not be relevant for high Z frequencies, due to the uniform ellipticity in Z of 
At, however, this detail will make certain aspects of the proof more technical. We will need the 
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following definition: 


= {k,v,ir 


1 




1/2 


WL{t,k,r],l) w{t,r]) 


ivJ) 


l+5i 


AUt,v,l) = ( Ifc^omin j 1, ) + ^'==0 ) (^>^>0 






^E(i> V, 0 = ^IfcT^O min ^1, 


+ lfc=o I A2{t,r],l) 


wit,v) 

wl{t,r]) 


(2.38a) 

(2.38b) 

(2.38c) 

(2.38d) 

(2.38e) 


Notice that and for |Z| < ^ I77I there holds A* « (by Lemma fB.ljl . Therefore, the 

difference between them is only visible if |/| is comparable to or larger than |?7|. 

To quantify the enhanced dissipation, we use a scheme similar to that used in [4j, which itself 
was an expansion of the scheme of [6], adjusted now to the larger expected growth of Q^. Define D 
as in [6], 


Note this multiplier satisfies 

D{t,r]) >max{u\r]f,vt^). 

For some /3 > 3 q; + 7, we define the enhanced dissipation multipliers: 




1 


WLit,k,r],l) 


Lfc^O 


Al’^{t,r],l) = (t) ^min ( 1 




l+<5i' 


^1+^1 


Al{t,r],l) 


V, 1) = min ( 1 , ^fc(L V, 0 


= min I 1, 


ivJY 


Ak{t,rj,l). 


(2.39) 

(2.40) 

(2.41a) 

(2.41b) 

(2.41c) 

(2.41d) 


Fix 7 > /3 + 3a + 12 and ct > 7 + 6. Note that we do not need w or (or the associated regularity 
imbalances) in (|2.41l) . Indeed, the Orr mechanism (and related nonlinear effects) does not play a 
major role in the enhanced dissipation estimates; they are instead mainly determined by careful 
estimates on how the vortex stretching manifests in the nonlinearity. 


2.7 Main energy estimates 

In this section, we set up the main bootstrap argument to extend our estimates from 0(1) in time 
(from Lemma l2.ip to Tp = coe~^. Equipped with the norms defined in (j2.4ip and (I2.37p . we will 
be able to propagate estimates via a bootstrap argument for as long as the solution to o exists 
and remains analytic; by un-doing the coordinate transformation (possible as long as it remains a 
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small deformation in yz), this in turn allows us to continue the solution of (II.ip via Lemma 12.21 
The analyticity itself is not important, it only needs to be a regularity class slightly stronger than 
the norms defined in ^2.61 to ensure they take values continuously in time. See ^ below for more 
details on this procedure. 

It turns out that dtw^/w^ ~ dtw/w (see Lemma [B.7p and so this will simplify the notation when 
dehning the following high norm “dissipation energies”; for i G {2,3}, 


PQ* = ly 




+ CK\ + CKl + CKU 


= V 


^J^lA^Q 

VQ}^ = iy l + CKi^^ + CKl^^ + CKlj^.^^ 


= z/ 




+ A 


+ 


11} ' 


+ 


II 

\/-ALAg 

^ + CKl + CK{ + CKi 



= u 

V-AlAq 

+ 7 2 + A 

|V|"/^ Ag 

2 

+ 

J^Ag 



2 t 


2 

V w 


PC* = ZA 


^/^lAC' 


+ CiLf * + 


V 

a/-AlAC' 

2 

+ A 

|V|"/^ AC' 

2 

+ 

,/5”ac‘ 



2 


2 

V w 


CK] = - 




PQ**;* = z/ y/^LA^'-'^Q^ 


+ CK':'' + CK 


u\t 

wL 


2 

dr + X 

|V|"/^ A'Q' 

2 

+ 

J—A'Q' 

2 

+ 


2 


2 

V w 

2 

V WL 


(2.42a) 




Wl 


V 

^Z-AlA’^'^Q' 

2 

+ A 


2 

+ 




2 


2 

V WL 


VQ'^'^ = z/ 




:= V 


CK":''' := - 

^ t 


+ CKX'^ + CRf'^ 


wL 






+ 


dtWL 

WL 




(2.42b) 


(2.42c) 


(2.42d) 

(2.42e) 

(2.42f) 


(2.42g) 

(2.42h) 


Note the presence of A'] this will mean that, unlike [1], the CiL^ terms only provide control in the 
range of frequencies |9v| > \dz\- 

Using a bootstrap/continuity argument, we will propagate the following estimates. Fix constants 
Km, Khi^,Khci,Khc 2 , Kedi, KLi,KED 2 ,KLc for z G {1, 3}, sufficiently large determined by the 
proof, depending only on (5, di, s, it, 7 ,/3, A', Aq and a. Further, hx a' > 3. Let 1 < T* < be the 
largest time such that the following bootstrap hypotheses hold (that T* > 1 is discussed below): the 
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high norm controls on Q* 


\\A^Qlit)\\l<4KHie^ 

(2.43a) 

1 rt 

\\A^Q^^{t)\\l + - VQ}^{T)dT <AKHi^e^ 

(2.43b) 

pt "1 

\\A^Q% + j -VQ\T) + CKl{T)dT <4e^ 

(2.43c) 

ri "1 

+ -VQ\T)dT 

(2.43d) 

the coordinate system controls. 


11^^112 + ll^'I^C\T)dT < AKhCIcI 

(2.44a) 

(t)-2 II AC*II 2 + (t)-2 VC\T)dT < 4.KHC2e^ log (t) 

(2.44b) 

\\M\l + ^ '^gdr < 4e^ 

(2.44c) 


(2.44d) 

c gA.7 < diLice {t) 

(2.44e) 

the enhanced dissipation estimates. 


l^'DQ‘'’\r)dT < AKpDie^ 

(2.45a) 

||A"’2q2||2 ^ J' ^ CKf{T)dT < 4KED2e^ 

(2.45b) 

ll^"’'Qi2 + l^'DQ''’^{T)dT < 4KED3e^-, 

(2.45c) 

and the additional low frequency controls on the background streak 


IICo'll^,, <4iLme(t) 

(2.46a) 

VI 

b 

(2.46b) 

||C/oi^., < 4iLi3e. 

(2.46c) 


For most steps of the proof we do not need to differentiate so precisely between different bootstrap 
constants so we define 

Kb = Taa.x{KHi,KHi^,KHCi,KHC2,KEDi,KBi,KLc) ■ (2.47) 

By Lemma EH we have that T* > > 0 and it is a consequence of Lemma 12.21 that T* < T^. 

It is relatively straightforward to prove that for e sufficiently small, we have 1 < T*; see [3] for more 
discussion. Due to the real analyticity of the solution on (0, T^), it will follow from the ensuing 
proof that the quantities in the bootstrap hypotheses take values continuously in time for as long as 
the solution exists. Therefore, we may deduce T* = Tp = coe~^ < via the following proposition, 
the proof of which is the main focus of the remainder of the paper. 
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Proposition 2.1 (Bootstrap). Let e < . For the constants appearing in the right-hand side 

of (j2.47l) chosen sufficiently large and for v and cq both chosen sufficiently small (depending only 
on s, Ao, A', a, 5i, (5 and arbitrary parameters such as o', (3, ...), if T* < Tp = co€~^ is such that the 
bootstrap hypotheses (I2.43P (I2.44p (|2.45p (|2.46p hold on [1,T*], then on the same time interval all 
the inequalities in (j2.43p ()2.44p (j2.45p (I2.46p hold with constant ‘2 ’ instead of ‘4 

That Proposition 12.11 implies Theorem [1] is discussed briefly in ^ below. 

2.7.1 Bootstrap constants 

The relationship between the constants are similar to [1] (although slightly simpler here since 
there are fewer). First, Kpi and are chosen sufficiently large relative to a universal constant 
depending only on a'. These in turn set Kpi, and Kh 3 - These then imply Khci which then 

implies Khc 2 and Kpc followed finally by Ked 2 and then Kedi and Ked 3 - Finally, cq and 12 are 
chosen sufficiently small with respect to Kp, the max of all the bootstrap constants (as well as the 
parameters s, Aq, A', a, (5i, and arbitrary parameters such as a, (3 etc). 

2.7.2 A priori estimates from the bootstrap hypotheses 

The motivation for the enhanced dissipation estimates (I2.45P is the following observation (which 
follows from (j2.40p ): for any /, 


ll^(*)lleA<.,,, <„ ||.4''"/(t)|l2 (2-48a) 

ll/,i(i)llsx<.,,, <„ it) \\A‘-2f(t)\\^ (2.48b) 

ll/4(i)lle>(.l,. (2.48c) 

Hence, (I2.45P expresses a rapid decay of for t > Together with the “lossy elliptic lemma”, 

Lemma rC.il we then get (under the bootstrap hypotheses), 

e (t)^^ 

ll^^(^)||gA(t)./3-2 ^ (2.49a) 

~ (t) {i't^)°‘ (2.49b) 

~ {i/t^)°‘' (2.49c) 

For the zero frequencies of the velocity field we get from (j2.43p , (j2.46p and Lemma 1C. 41 (which 

allows to understand at zero x frequencies) the matching a priori estimates 

||^t^oW||2 ^e(t) (2.50a) 

\\AU^{t)\\^<e (2.50b) 

\A^{VfU^it)\\^<e. (2.50c) 


Notice that no regularity loss is required to get the ‘correct’ a priori estimates on the zero frequencies. 
However, unlike in our previous work [4], the natural regularity of the zero-frequency velocity fields 
are not all the same. 
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3 Regularization and continuation 

There are three preliminaries: (A) the instantaneous analytic regularization with initial data of the 
type (ll.lOp (B) how to move estimates on these classical solutions between coordinate systems, and 
(C) the proof that Proposition 12.11 implies Theorem [TJ The issues here are essentially the same as 
in [3] so we will just give a brief summary. 

The proofs of Lemmas 12.11 and 12.21 are sketched in [3] . Similarly, the following lemma is a variant 
of [Lemma 3.1 [3]]. The proof is omitted for brevity as it follows via the same arguments. 

Lemma 3.1. We may take 2 < T* (defined in §.2.7| above) and for t <2, the bootstrap estimates 
in (I2.43p . (12.44p . (12.45p . and (I2.46h . all hold with constant 5/4 instead of 4. 

In order to move estimates from {X, Y, Z) to (x, y, z) we may use the same methods described 
in [3] (which are themselves essentially the same as those in [TJ E]). we will first move to the 
coordinate system {X,y,z). Writing (fi{t, X,y, z) = Q^{t, X,Y, Z) = q(t,x,y,z) and id{t, X,y, z) = 
U^{t, X, Y, Z) = u*(t, X, y, z) we derive the following, noting that Uq = Uq: 

dtul + {ul, ul) ■ Xul = {-ul, 0,0)"^ - (0, dyp^^^, + P, (3.1) 


where 


Apq^^ = -diuldjUQ 

and (using cancellations as in (I2.3ip i. 

r = -dy 0 • (3.2) 

We then have the following lemma, analogous to [Lemma 3.2 [3]], which holds here with an 
analogous proof. 

Lemma 3.2. For e < and cq and u sufficiently small (depending only on s,Xo,X',a, and 

6), the bootstrap hypotheses imply the following for some c € (0,1) chosen such that cX{t) G (A', A(t)) 
for all t: 


11 ^^ 

IlgcAW < e 

(3.3a) 

11 ^^ 

IlgcAw 

(3.3b) 

11 ^^. 

IlgcAW 

(3.3c) 


hoW gcAW <e{t) 

(3.4a) 

hoW . 

gc\(t) + |ho(*)||gcA(i) ^ e- 

(3.4b) 


Finally, the following lemma also follows analogously to the corresponding result in [3]. Hence, 
the proof is omitted for the sake of brevity. 

Lemma 3.3. Fore < and cq and v sufficiently small (depending only on s,Xo,X',a, 6i, and 

5), Proposition \2.1\ implies Theorem [IJ 
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4 Multiplier and paraproduct tools 


In this section we outline some basic general inequalities regarding the multipliers which are used 
in the sequel. As in [1], the purpose is to set up a general framework that will make the large 
number of energy estimates later in the paper easier. Most of the estimates come in the general 
form f (fg) dV. The goal of this section is to break the treatment of these terms into a four 

step procedure: 

1. As in [3], the first step is to separate out zero/non-zero frequency interactions according 
to ^2.2.11 and then expand with a paraproduct to divide the terms based on which of the 
nonlinear factors is dominant from the standpoint of frequency (paraproducts are explained 
in ^4.21 below!. 

2. Compare the norm for with the norm of the dominant factor (also adding if the 

dominant factor is a velocity field) and commute it past the low frequency factor. Lemma [4. II 
below is the primary tool for this. 

3. Use Lemmas 14.51 and 14.61 below to convert the ratio of the norms (together with possibly A)(^) 
into multipliers that appear in the dissipation energies or integrate to < until Tp = coe“^. 

4. Use Lemma [Q or 14.81 to re-combine the paraproduct decomposition into multiples of terms 
in the dissipation energy or other integrable errors. 

4.1 Basic inequalities regarding the multipliers 

This section covers the key properties of the multipliers we are using and forms the core of the 
technical tools, however, it is very tedious and will likely appear unmotivated at first. A reader 
should consider skipping this section on the first reading and refer back to it whenever specific 
inequalities are needed. Note that this section is significantly more technical than the corresponding 
section in [3]. 

In the lemmas which follow, one should imagine that frequencies {k'I') and {k — k',r] — ^,l — l') 
are interacting to force (k,r],l), as will be occurring in the quadratic energy estimates. 

The first lemma gives us general estimates for how the A and A* are related at different fre¬ 
quencies. It is designed specifically for dealing with fHidLoAype terms in the paraproducts (see 
( 1128 ])). 

Lemma 4.1 (Frequency ratios for A and A*). Let 6 < 1/2 and suppose 

\k-k',r]-^,l-l'\<e\k,g,l\. (4.1) 
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In what follows, define the frequency cut-ojfs (all functions of {t,k,k',rj,f^,l,l')), 


R,NR 1 -| -I -I 

X - lteife,^nifc,elfcYfcl|i|<5|77|lK'|<5|?| 
NR^R 1 1 1 1 

X — teir,77nir,51^1 1 iji 

x*;33 = 1 _ 1 




NR,R 


=1-5: iKt. 

r 


^n4,5lfeYr-lK|<i|,7|lK'|<i|C| 


and for i, j G {1,2,3} and a,b G {0,fi}, the weightr{i,j,a,b) given by, 


r(i, i, a, a) = 1, 

r(i, 2 ,o,o) = (i) 


-1 


r(i,2.o.^) = W-‘(i^> 


r(i,3,o,o) = (t) 


-1 


r(i,3,o,^) = (r‘(^)'. 

r(2.3,A0) = (^)^‘, 


r(i,i,o,7^) = 




l-l-<5i 


r(3.3,o.^) = (^) . 


r(i,i,a,5) = r(j,i,6,a) , 

r(i,2.A0) = (r‘((^>"' 

r(l,3,7l,7l) = (f) 

r(i,3,A0) = (r'(^)"^ 

r(2,3.o.#) = ^-^ 
r(2,3,0,0) = l, 


Then there exists a c = c{s) G (0,1) such that for all t we have the following for i 


(4.2a) 

(4.2b) 

(4.2c) 

(4.2d) 

(4.2e) 

(4.2f) 

(4.2g) 


<5i 


<5i 


G {1,2} and 
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a =/ if k ^ 0 (otherwise a = Q) and b =/ if k' ^ 0 (otherwise h = t)), 


Aiit, rj, 1) < r(i, j, a, b)A^^, {t, l')e'^Mk-k',r-U-ir 
{Alit, ri, l)f < r(3,3, a, b) (AUt, rj, l)Al, 


t 


+ \ri- kt\ 


+Al(t, v.DAUt.i,R.Rm±ipJA 
+ x*'’^^Alit, rj, l)Al, (i, l')\ 


[Al{t,r],l)Y < r(i,3,a,6) ( '^Al{t,r],l)AlAt,^,l')x 


.r,NR 


|r| + \r] — rt\ 
+ Alit, r?, l)Al it, C, e^Mk-k',v-U-ir 

r\ + \r] — rt\ 


iAlit,rj,l)Y<mi,a,b)\^J2 ^ 

+ x*'’^^Alit, V, l)A^At,^A')] . 


(4.3a) 


(4.3b) 


(4.3c) 


(4.3d) 


Analogous inequalities hold also with Ait,g,l) using that Ait,r],l) = (q,lY A(^it,ri,l). 

Remark 4.1. The terms involving are arising from comparing 

ratios of w\ and w^, or and w, see e.g. (12. 5 p above. In particular, modulo details regarding the 
Z frequencies, the three contributions to (I4.3bp roughly correspond to the three possible regimes in 
Lemma IB.61 when a resonant frequency forces a non-resonant frequency, vice-versa, and neither. 
The inequalities ()4.3cp and (I4.3dp generally play a more crucial role in the proof of Theorem [1] and 
correspond instead to what happens when one compares w and , rather than with itself (that 
is, in terms when interacts with We have chosen to write it in this manner as this is the 

form that is most natural for Lemma 14.61 below. 

Remark 4.2. Note that a time/frequency combination is only considered truly “resonant” if t G 
Ifc,r; n Ik,^- The reason for this is explained by Lemma IB.21 if t G Ik^r] but t 0 1^^^, then either t] 
and ^ are well-separated or the time/frequency combination is not really resonant, which results in 

iv - 0 {kt - ??) > L 

Remark 4.3. Note that the dehnitions in ()4.2p are not quite symmetric for minor technical reasons 
and that the decomposition defined by (14.21) is not quite a partition of unity, as there is an overlap 
region when \l\ ~ \r]\ or |/'| ~ |^|. When losing due to the regularity imbalances, one must take the 
larger region |f| < 5 \r]\ and |r| < 5 |^| but when gaining due to the regularity imbalances, one must 
take the smaller region |/| < ^ |ry| and \l'\ < | |CI- 

Remark 4.4. Note that some of the inequalities in Lemma [4. II are phrased on quadratic quantities 
fas ODDOsed to (I4.3al) and the analoeous lemma in 0). This is to treat the overlapping regions 
1^1 ~ \r]\ and \V\ ~ |.^| more carefully, in particular, it is to make sure that any losses or gains from 
the ratios of w and come with A^, even if it is a region of frequency where Ad 56 Ad (see also 
Remark 14.61 below!. This precision is only required in certain places, especially when we need to 
use the CK^j terms, and in other cases less precise inequalities suffice. 
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Proof. These inequalities are all more or less easy variants of each other so we will just consider one 
of the trickier inequalities and omit the rest for brevity. We will consider ()4.3bp : further, we will 
consider just the case a = b = 7 ^ as the other cases are analogous. 

The proof is divided into three regions (which do not exactly correspond to the three terms in 

(|CT1) 1. 

Case 1: |/| > 5 |r/| or |/'l > 5 |^| 

In this case, the Z frequencies are dominant and hence one does not see the contributions from 
multipliers. Indeed, = g and = 1. If \l'\ > 3 |r/| then by Lemma lB.il 


) 

rsj ^ 

Therefore, by (|4.ip and I A. 71 land that wl is 0(1) by (IB.16P and (jB.151) 1. there is some c' = c'(s) E 

( 0 , 1 ), 


Then in this case (I4.3bp follows from (lA.lOp for some c' < c < 1. If |r| < 3 |? 7 | then it follows that 
either \l — l'\ > \r]\ or |r? — ^ ^ |^|. Therefore, Lemma lB.il for some K there holds. 


°Av\ ^ i.|l/2 


Wl{t,7j) 


+ e‘ 






,1/2 


/|l /2 


,,, 1/2 


Therefore, by the frequency localizations, for some c' = c'{s) € (0,1), 

from which again there follows (|4.3bp from (jA.lOp for some c' < c < 1. 

Case 2: (\l\ < 5 I 77 I and \l'\ < 5 |^| j and (j/| > 1 \r]\ or \l'\ > 1 |,^|j 

In this case, neither 1,1' nor 77 ,^ are necessarily dominant, and indeed |^| ~ |? 7 | or \l'\ ~ |,^|. We have 
^NR,R _ Q there are regions in frequency where ^R^^R = = 1 and we have to consider 

contributions involving both and A^ at the same time. By (|4.11) and Lemma lA.71 land that wl 
is 0(1) by (IB.16P and (IB.lSp i. there is some c' = c'(s) G (0,1), 


{Al{t,r],l)y 


< 

rv _7 


< 

rs_/ 




1/2 


=2/i|«| 


1/2 


[W] 


\{t,v)y 


{wL{k,r],l)y 


{k,r,,lf^ e2A|M,r 




1 


WL{k,r],l)wL{k' 


{k, r?. If {k', I'y 
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Then, by (jA.lOp . we have some d < c <1 such that 

+ AUt, ri,l)AUt,(,l')'j e°Mk-V.v-U-ir^ 

Lemma IB . 61 implies for some iL > 0 (in particular), 

< f ■] A _ ^ -■ 1 ^ 

WUV) ~ V ^ 1^1 + h - kt\ ^^^7 

and so we may restrict the frequencies over which we have a loss involving the to but 

there is an overlapping region where both and are necessary. This completes the proof of 
(I4.3bh now in the range of frequencies |^| > ^ |? 7 | or |/'| > i |,^|. 


Case 3: \l\ < ^ |r?| and \l'\ < 4 |^| 


1 

5 l''l I" I ^ 5 

In this case, we need to be able to gain from the regularity imbalance. Here we have = 0 and 
the only contributions are those which involve A^. We have here, using Wk'{t^O < 1 by dehnition 
(see Appendix IB. ip . 














1/2 \ "" wl{t,T]) 




i 

~ wl{t,7]) 

< ^Ut,0 

,,3/ 


Therefore, in this case we only have contributions from the ratio of w^: as above, we have for some 
c' = c'(s) G (0,1): 


then (I4.3bl) now follows from Lemma lB.61 (followed by (lA.lOp i and the fact that under these re¬ 
strictions A^ ~ A^. We then have that p4.3bp follows from Lemma IB.61 This completes the proof 
of p4.3bp over all possible frequencies, and as mentioned above, the other inequalities are similar or 
easier. 

□ 


We also have the following for remainder terms in the paraproducts (see p4.28p L the proof is 
the same as the analogous [Lemma 4.2 [4]], so we omit it here for brevity. 

Lemma 4.2. For all K > 0 there exists a c = c{s, K) G (0,1) such that if 

^W,^,l'\ < \k-k',rj-^,l-l'\ <K\k',C,l'\, 

iv 


^cx\khure^\k-k',r,-u-ir 
AUt,rj,i) < ^c\k-k',v-u-ir 

< {t)~^ e<^dk',i,ir^c\k-k',v-u-i'\\ 


(4.4a) 

(4.4b) 

(4.4c) 
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and if k = k' = 0 then 


All implicit constants depend on K,X,a and s. 

The following is [Lemma 4.3 [4]], see therein for a proof. 

Lemma 4.3 (Frequency ratios for dfW and dtwi). For all t > 1 we have 


ldtw{t,r]) ^ \k,r],l\"/^ 


w{t,r]) 


{tr 


ldtw{t,r]) ^ \k,r],l\"^‘^ 


w{t,v) 


{tr 


< 


< 


ldtw{t,f,) {k\i,l'Y^‘^ 


w{t,i) 


{ty 


{k-k',p-U-l'f 


ldtw{t,^) + \k - k',p - ^,l - 


w{t,^) 

{k-k',r^-U-l'y 


dtWL{t,k,p,l) ^ IdtWL{t,k,f,,k) 


WL{t,k,r],l) 


WL{t,k,C,h) 




{ty 


,\3/2 


Further, if\k',(,,l'\ > 1 then (I4.6ah implies 




w{t,p) 


{ty 


< 

rs_/ 


idtw{t,f) ^ \k' 


w{t,0 


{ty 


{k-k',p-U-l'f ■ 


(4.5) 


(4.6a) 


(4.6b) 

(4.6c) 


(4.7) 


Moreover, both (j4.6a|l and (14.7p hold if we replace \k,rj,l\ and \k,f,,l'\ by |? 7 | and j^j (respectively). 

The next lemma is [Lemma 4.4, [4j] and is immediate from the definition of D ()2.39p . but useful 
for separating the pre and post critical times in the enhanced dissipation estimates. 

Lemma 4.4. For all p >0 and {k, rj, 1) there holds the following inequalities 

Ayyt, rj, l) < {t)-P {k, rj, 0^+=^“+" + Ay\t, rj, 0li>2|,| (4.8a) 

+ {t)~^ {\k\ + \r] - kt\) Ay\t,r],l)lt> 2 \v\- (4-8b) 

The next lemma tells us how to treat ratios involving A^. This lemma is a technical improvement 
of [Lemma 4.5, [3]]. The adjustments are necessary as here we can only use the CK^j terms in a 
certain sector of frequency due to the more non-trivial angular dependence of the norms we are 
employing. 

Lemma 4.5 (Frequency ratios for A^,). If t > 1 then for all r],f^,l,l',k' and k define the following 


XNR\k — 1 ~ l|/'|<i|^| 

Then, we have the following 

• Basic characterizations of non-resonance: for all k ^ 0, 

1 1 \ , 1 


(4.9) 


+ 


\k, p — kt, l\ \k, ^ — kt, l'\ 


XNR-,k < 


{k, t, I 




(4.10) 
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Approximate integration by parts: for all k 0, 

\r]-kt\ < {v-Oi\k\ + \f-kt\); 
For absorbing long-time losses: for all k 0, 

\k,r]- kt,l\ ((?,Z')) ^ ^ ’ 


For the linear stretching terms, for all k ^ 0, 

|fe| lt<2|r7| ^ _^ dtw{t,r]) ,111^. 

|A:| + |/| + I?/— A:i| ^ w{t,r]) ^3/2’ 

For nonlinear terms involving dx (for (SI) terms): ifp€M. and k 

\k,g — kt,l\\k\ / t \ ^ 


k‘^ + {I'y + i-e - kt( 


\{U')/ 


< 



dtw{t,ri) . 

w{t,v) 


, XNR-,k . . , 



(4.11) 

(4.12) 

(4.13) 


i^'i<iisi + {ty 


(4.14) 


For terms with fewer derivatives (for (3DE) terms): if a £ {1, 2}, p G M, and k', k y 0, then 
1 / t 

\k',^-k%ur \(^,r). 


< 


ldtw{t,g) _ 


w{t,r]) (t) 




W,f\ 


s/2' 


w{t,o ^k'i<kI«i+ {ty 


-O' 


{k-k',g-U-l'f 

(4.15) 


For (3DE) terms in the nonlinear pressure and stretching: i/p G M, kk'{k — k') y 0, 


\k,ri — kt,l\\k,f — k't,l’\ j t 


(t) + 


{k'y + {i'y + y-k't\^ \{f,i') 

\k,r]-kt,l\\k',f-k't,l'\ / t V ^ (u\ ( / 

(a:') 2 + (p)2 +1^ _ 


iU') 


{k-k',g-^,l-l'f 

\k,pf^\ 


(4.16a) 


dtw{t, g) _ 

w{t,ri) (i) 


wit,o {ty 


+ min ( 1 


\k,g — kt,l\\ / t 


(kt) 


\l'\ \k,r]- kt,l\ / t \ ^ 

( A :')2 + (//)2 + |^_ fc / i |2 \{^, l ')/ - 



it) 


iU') 

\k,p\^/^ 


{k-k',g-U-l'f ■ 

(4.16b) 


dtw{t,g) _ 

w{t,ri) (t) 


,, f ldtw{t,f)_^ ^ \k',f\"^^ 

(V Oi.f) (()■ 

+ lj . 


(4.16c) 
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For triple derivative terms (these arise in the treatment of (F) terms): if p gM. and k ^ 0, 


/ t 


{kf + iuf + \c-kt\^\{c,n 
'^ + \p\^\i\ / t y 




(4.17a) 


{k)^ + iiy + \^-ky\yn/ 


< 

rsj 


(i) 


2 / dtw{t,r]) 


\s/2' 


w{t,7]) {t)‘ 


l dtw{t,C) ^ 

w{t,o {ty 


\v\ 


/ t y 


k^ + {iy + \f-ky\yn/ 



(4.17b) 





{k,p-u-l'f- 

(4.17c) 


Remark 4.5. As in [4], (I4.17P implies 


\hy\ yy) 


/ t y 


{kY + {i'Y + \i-ky \yi')) 


< 

rsj 




3 ( dtw{t,r]) . 

\V 


y\y\ 


+ 


1^1 


s/2' 


ldtw{ty)^ 

-/. >-N -*-|//|. 




{ty 

|^|s/2' 


W{t,0 ^l''l^5l«l ' {t) 



{k,p-U-l'f (4.18) 


Proof. First, note that for any fixed number > 1, 

\k',i'y-k't\ \i',k'y 


(4.19) 


and hence the sector in frequency where I' is dominant or comparable to ^ is strongly non-resonant. 
Further, observe that for any A^ > 1, 


> — \r]\ and 


< 


1 


A^-h 1 


ICI, 


imply 


\cy\ + yi\ <N\v-^y-i' 


(4.20) 


33 









































This ensures that if {i],!) and {^,1') are in separated sectors in frequency, then the entire multiplier 
can generally be absorbed by the [r] — I — factors and one will not need dtw/w. Furthermore, 
from (j4.19p and (14.20^ . we can derive (I4.10jl . These observations allow us to refine the analogous 
lemma of [3] to deduce Lemma 14.51 

As a representative example, let us consider the proof of (j4.14p . First consider the case |r| < 11.^| 
and |/| < I \r]\. Then, as in [3] (see therein for a proof), we have 


\k,r] - kt,l\\k\ / t 

. . (( I dtwjt,!]) 

lt>2min(|>7|,|g|) . / |fc,T? - kt,l\ \ 

it) ““ V ’ (kt) J 



which is consistent with (I4.14p . 

Next, consider the case (|/'| > ^ |^| or |/| > ^ |7/|). If the former is true than we immediately 
have the following by (j4.19p : 


|fc, rj — kt^ l\ 


k^ + {l'y + \C-kt\^ \(^,/') 


< 

rs_/ 


\k, rj — kt,l\ |A:| 




which is consistent with (j4.14p . Next, consider instead |Z| > | |r?|- If |Z'| > g |?| then (I4.21h (and hence 
()4.14p i follows again by (14.191) . However, if \l'\ < ^ |^| then by (I4.20p . |? 7 ,Z| + |^,Z'| < \r] — — l'\, 

and we again have (I4.2ip by multiplying and dividing by (^, Z')^. 

The other inequalities are dealt with in a similar fashion. □ 

For the current work, we need an analogue of Lemma 14.51 which is more precise in order to 
handle (and take advantage of) the regularity imbalances in A^. 

Lemma 4.6 (Frequency ratios for involving regularity imbalances). For t > 1 and k, k',rj, Z, I', 
Then for p E M, we have the following: 


• for (SI) (for k' 


k / 0; recall that definition dH depends on both k and k'): 


\k, rj — kt, l\ |fc| (r,NR _^^ 

kf + (Z')2 + 1^ - kt\^ kl + \v- tr\ j 

l dtw{t,r]) |Zc,??|^/^ \ / I dtwjt,0 |Zc,^|^/^ \ 

- w{t,p) + (t)* ) w{t,o ^ {ty ) 


{r]-f,l- 1'^; 


(4.22) 


• a simpler variant (for k' = k y 0): 




r,NR 


<{t) 


t 

+ \rj - tr\ 


dtw{t,p) 

w{t,p) + (ty ) 


( ldtw{t,i) |C,ZT^^\ 

w{t,o + (ty ) 


(^-e,z-z')^ 


(4.23) 
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if k',k / 0, A: / k', and a € [1,2] (for (3DE) terms with few derivatives), 


+ \l'\^ + \i-k't\^ 


E 


X 


NR,r 


jrj + |r? - tr|\ / t 

t j \M/ 


l dtw{t,r]) / I dtwjt,^) 

- (t) iv {ty JIV ^(^>0 




{v-U-i'f 

(4.24a) 


1 


Ifcf + jZf+ |^-A:'tr 

1 / 


X 


R.AT/; ^ _ I + h ~ *;33A < ~ 0" 

|fc| + h-A:tr^ t +X 

(4.24b) 




E 


r,NR 


X 


|r| + |r/ — trj 


*;23 


^ (4.24c) 


(e,0/ 


if k',k^0 and k ^ k' (for (3DE) terms with more derivatives), 


/ t \ \k,ri — kt,l\\k’— k't,V\ 


\{U')I 


+ \lf + \i-k't\^ 


E 


X 


r,NR 


t 


+ x 


*;23 


\k'— tk',l'\\k\ ( nNR t I 

A. I 7J , I .. 7.J.I A. 


\kf + \lf + \i-tkf 


r| + |r/ - trj 

< |A:,r 7 - A:i,/|(r? - (4.25a) 

nr,rW\ + k ~ 


|A:| + jr? - /ctj 


t 


< 

rs_/ 


dtw{t,r]) / dtw{t,f,) 


+ 


w{t,r]) {ty 
\k',f, — tk',l'\\l'\ / jiMji t 


+ -n^ {k - k',ri - - I') 


l^f + Kf + ie-A^T 


X 


\k\ + \r]- kt\ 


w{t,y) (t) 

NRM^'l + lh- k't\ 


(4.25b) 


+ X 


< 

rs_/ 


(i) 


dtw{t,ri) / dtw{t,C) , 


w{t,v) (t) 


wft^o y) 


{k-k',T]-(,,l-l'y 

(4.25c) 




cf+ l^f+ ie-iA;f 


R,NR t _I NR,R \k'\ + \'n - k't\ 33 

^ \k\ + \r]-kt\ t ^ 


< 

rsj 


{k-k',rj-^,l-l'y 


(4.25d) 


35 











































for terms of type (F), (with k = 0 and k' Q), 




2 / t 


iW) 


{k'Y + {I'Y + ic - k'ty 




NR 


|r| -\-\ri — tr\ 


< 

rs_/ 


(i) 


2 dtw{t,r]) ( dtw{t,f) ^ 


wit,r]) (t) 


(t) 


+ '^]{k',p-^,l-iy 


(4.26a) 


\v\ ivJY 


{k'f + {I'Y + 1^ - k't\ 




NR,r 


|r| + \r] — tr\ \ / t 


iW) 


< 

rs_/ 


(t) 


2 / dtw{t,r]) { dtw{t,f) 


+ 


w{t,rii) (t) 


+ 


w{t,f,) (t) 


+ \v\j {k',v- ; 

(4.26b) 


1^1 ivYY 


{k'Y + {I'Y + ic - k'tY 


X 


*;32 




{W). 

\€'"' 


w{t,r]) "l^l<|l^l+ {t) 


' l dtw{t,C) ^ 

\l w{t,o {tr 


+ \v\j {k',v-f,l-lf 
(4.26c) 


Remark 4.6. Note the lack of frequency restrictions to |Z| < ^ \rj\ and |/'| < | |^|. This is due to 
the fact that these inequalities need to sometimes be applied in the overlap regions where |/| ~ \r]\ 
and 1^1 Ri |^|. 

Proof. The proofs are very similar to Lemma 14.51 with some minor changes. Consider (I4.22p (the 
analogue of (j4. 141) 1. We have, by Lemma [6.3 1 


\k,r] — kt,l\ \k\ 
k^ + {I'Y + \^ - ktf 



|r| + \r] — tr\ 


< 


y r,NR 


t \k 



dtw{t,r]) 
r\ w{t,i]) 




(4.27) 


from which the result follows by Lemma 14.31 (and that form a partition of unity for a certain 

region of frequencies). The proof of (j4.23l) is essentially the same. 

Consider (j4.24ap : the other inequalities in (|4.24p are easy variants of this and the proofs of 
P4.23n above. First, in the case t 0 1^/^^ n we have (ry — 0 ~ k't) > t by Lemma [6.21 and so 

(I4.24ap follows. Next, consider the case that t € lk',n C Then, since k ^ k', t ^ lk,r] and this 
contribution appears in the sum as (recall the definition (I4.2p l. In this case (I4.24ap follows 

by Lemma 14.31 This now covers all cases. 

Let us comment briefly on the proof of (I4.26bl) . The term such that r = k' follows due to 
the Lemma lB.71 together with the frequency restrictions ensuring |ry| {r],lY ^ {ktY. For the terms 
r ^ k', we have 


\v\ ivYY 


{k'Y + {i'Y + \^-k't\ 


_ NR,r < 

2 A r-^ 


{rtY 


t'^ \k — r 


- < 
2 ^ 
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which is consistent with (I4.26bp by Lemma IB. 71 again. 

The remaining estimates follow by similar arguments combined with the arguments used in the 
proof of Lemma 14.51 (see also m)- Hence, these are omitted for the sake of brevity. □ 


4.2 Paraproducts and related notations 

We briefly recall the short-hands introduced in [3]. For paraproducts we use the homogeneous 
variant of the paraproduct and utilize the following short-hand to suppress the appearance of 
Littlewood-Paley projections: 


fg = fHi9Lo + fLog Hi + {fg)n 

= X] fMg<Mis+ X] f<M/ 8 gM+ Y fMgM'- (4.28) 

Me2^ Me2^ Me2^ M/8<M'<8M 

We recall the following lemma from [3] for using the paraproducts in estimates. 

Lemma 4.7 (Paraproducts for quadratic nonlinearities). Let s £ [0,1), fJ- > 0, p > 0. Then, there 
exists a c = c(s) £ (0,1) such that the following holds, 


||/Hi5Lo||gfj,p ^ ll/ll(jM.p llfl'll(jcfi,3/2+ (4.29a) 

\\{f9)Tl\\g,^,P < \\f\\gcp,p \\g\\gcp,3/2+ (4.29b) 

I {Vrhe^\^\^ {VY{fmgLo)dV < \\h\\g,,, ||/||g,„ Mg.,, 3 , 2 + . (4.29c) 


Remark 4.7. In most places in the proof, p = 0 as normally the multipliers or are playing 
the role of the norm. 


Many of the nonlinear terms are higher order (up to quintic). For expanding cubic nonlinear 
terms, we use the short-hand from [3]: 

fgh= Yj fNg<N/8d<N/8 + 9Nf<N/8d<N/8 + /<Af/85'<Ar/8^Af + {fgh)n 

7Ve22 

:= fm{gh)Lo + 9Hi{fh)Lo + hHi{gf)Lo + {fgh)Ti, (4.30) 

where the remainder term (fgh)-]^, includes all of the frequency contributions not included in the 
leading order terms. Note the short-hand {gh)Lo = giohLo- By iterating this pattern, we obtain 
also decompositions for quartic and quintic terms. We also have the equivalents of (j4.29ap . (I4.29bh 
and (|4.29cp . 

Lemma 4.8 (Paraproducts for higher order nonlinear terms). For all p > 0 and p > 0, there is 
some c = c(s) £ (0,1) such that 

\\gHi{fhkj)Lo\\g,,p Yp IIS'llgM.p ll/ll(Jcfj,3/2+ 

^ ll^llg=M,3/2+ 11 A: 11 3 / 2 + ||j||gc;M,3/2+ (4.31a) 

\\{f ghkj)'fl\\g,,p ||5'll(Jc;i,3/2+ 11 / 11 gc/i,3/2+ 1111 gc/i,3/2 + 

^ ll^llg':;^.3/2+ \\j\\g.,,3/2+ (4.31b) 

I (V)^ {gm{fhkj)Lo)dV <p Mgp. MM. \\f\\gcp,3/2+ 

^ \\h\\gc,,3/2+ 11 A: 11 3/2+ ||j||gcM,3/2+ • (4.31c) 

Analogous estimates hold also for the cubic and quartic decompositions. 
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One final short-hand we recall from [1] involves the inner products that appear naturally in 
energy estimates. Consider, for example, a typical Gevrey energy estimate involving three quantities 
/, < 7 , h, where generally h will be a product of several low frequency terms: 


/ 


eA|vr^,A|vr ig^^h,o)dv = 


(27r)3/2 


^ l')Hihk-k'{v -CJ- l')Lodiidi. 


k,l,k',V 




By the frequency localizations inherent in the shorthand and ()A.7p . for some c = c(s) G (0,1) we 
have (by (|4.29cp l. 




k,l,k',V 


X e 


cX\k—k',r}—^,l—l'\‘’ 


hk-k'{r] -^,1 -1 ')lo drjdC 


< 

rs_/ 


ll/llgA \\g\\g\ \\h\\gcX,3/2+ . 


The low frequency factors will generally all be put in a norm ^a,3/2-i- (^Qj^ce the estimates are over 
we do not need to worry about the c) and hence it makes sense to use a short-hand for the low- 
frequency factor as ||/i||gA. 3 / 2 + Low{k — k',rj — — I') where the function Low is taken as an 0(1) 
function in ^^,3/2+ which can change line-to-line as implicit constants). For example. 


f e^\^\^fe^\^\\gmhLo)dV:=\\h\\gx,3/2+ 

X Low{k — k',r] — ^,l — l')dgd^ 


< 

rs_/ 


< 

rN_> 


IgA,3/2+ 


E 

k,Lk'l' 


„A|fc,7?,zr 




fkiv,l) \gk'{C,l')m\ 


X Low{k — k',g — ^,l — l')dgd^ 
gA Ilfl'IlgA ||h||gcA.3/2+ . 


(4.32) 


The utility of this short-hand will quickly become clear in the course of the proof. 


4.3 Product lemmas and a few immediate consequences 

First, note the following product lemma is an immediate consequence of Lemma 14.71 

Lemma 4.9 (Gevrey product lemma). For all s G (0,1), fJ- >0, and p > 0, there exists c = c(s) G 
(0,1) such that the following holds for all f,g^ : 

ll/ffllg+.p ll/llgcM.3/2+ ll^llg+.p T llffllgcM,3/2+ H/Hg+.p ; (4.33a) 

in particular, if p > 0, then is an algebra for all p >0 by (jA.llh .■ 

ll/ffllgM.<^ ll/IIgM.p llffllg+.p • (4.34) 

Next we have the following, which is a simple variant of the analogous lemma from [3]. 
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Lemma 4.10 (Product lemma for A and Let p > 0 and r > —a. Then there exists a 
c = c{s) G (0,1) such that for i G {1, 2}, for all /, g, 


|Vr {VyA\fg)\\ 


ifg) 


< 


w 


{ty 


< 


gcA.3/2+|||V|^’ {yfA^gW^ 

+ ll9llecA,3/2+|||vr(vr^7| 

gcA,3/2+ 


ft-A., ^7, 


w {ty 


+ ll5llg=ft.3/2+ 


+ ^A^ f 
w {t) 


dtw ,, 


(4.35a) 


(4.35b) 


If f and g are both independent of X, then the above holds also with A^ replaced by either A or A^. 

Remark 4.8. Notice the crucial detail that Lemma l4.101 does not hold for ^4^ if / or gf depend on 
X due to the regularity imbalances near the critical times. 

Together with (|2.17l) , Lemma 14.101 and Lemma 14.91 imply the following lemma (as long as C® 
remains sufficiently small). The proof is straightforward so we omit it for the sake of brevity. 


Lemma 4.11 (Coefficient control). Let 

^yy — ((1 + + y1) — 1 (4.36a) 

Gyz = 2(/)j,(l + ipy) + 2'02(1 + (fz) (4.36b) 

Gzz = ((1 + + yi) - 1. (4.36c) 

Under the bootstrap hypotheses, for cq sufficiently small, we have for any G G {f>y, f’z, 4>y, 4>z, Gyy,Gyz, Gzz}, 


Further, 


(V)-MG ^<pc||2 


PGIA < ||V^C||2 


(V)- y^Ao 

< 

r\_/ 

2 

(V)"^ |V|"/^ AG 

< 

2 ~ 


dtw . |V|"/2 \ 

—A A 1 G 


w 


{ty 


(V)-2^A,C® ^<pc||2 
(V)-'^AiC-®|[<||VAC||2 


J— i^r^AAtG^ 

V w 

< 

rs_/ 

2 

|V|s/2 lyy-i AAtG^ 

< 

2 ~ 


dtw . |V|"/2 A ^ 

—A + ' A 1 G 


w 


(ty 


AG 


(4.37a) 

(4.37b) 

(4.37c) 

(4.37d) 

(4.38a) 

(4.38b) 

(4.38c) 

(4.38d) 


Similarly, for any X{t) > p > 0 and a > p > 0 (the constant can be taken independent of p for 
p > 1): 


(4.39) 
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Remark 4.9. As discussed in [3], a consequence of (|4.39p together with (I2.44ep implies that when 
coefficients appear in ‘low frequency’ in a paraproduct they satisfy the a priori estimate 0{e{t)). 
Together with ^ < {t)~^, this implies that when there is enhanced dissipation present, we 

generally need only treat the leading order terms that arise from the approximation dj ~ or the 
terms that arise when the coefficients are in high frequency. 


Remark 4.10. Even when enhanced dissipation is not present, the coefficients do not depend on 
X and hence the presence of the coefficients do not shift the frequencies in X. This will mean that 
even when there are no powers of , terms in which coefficients appear in low frequency are 

generally treatable with an easy variant of the treatment used on the leading order terms. There 
are a few exceptions, when the structure of the term is changed by the coefficients, and otherwise 
these terms are generally omitted. 


We recall the following lemma from [3]. 

Lemma 4.12 {A’' Product Lemma). The following holds for all f^ and such that = 

< ||/‘|lew+»"+3«+ 

Moreover, if also then we have the product-type inequalities 

/j.\2+5i 

||^"’'(/ V ')||2 < + ||^"’'/'||2 ||( V ) 2 -^ A -’ V'II J 

||^"’'(/ V ')||2 < II ^"’ V '||2 + ||^"’ V '||2 ||( V )'-^ 

||^"’'(/ V ')||2 < ll ^"’ V '||2 + ||^"’ V '||2 • 


/^ 

(4.40) 


(4.41a) 

(4.41b) 

(4.41c) 


5 High norm estimate on 

First compute the time evolution of in 


1 d II . o 9 11 2 X 

-2jt 11-" « 11^ ^ ^ 




w 




WL 


+ lA I A^Q'^A^ ( AtQ'^ ]dV - I A^Q'^A^ ( U ■ VQ^ ) dV 


- j + 2djWdldp^ - d{^ {d\Wdpp dV 

= -VQ'^ - CKl +Ve + T + NLSl + NLS2 + NLP, 


(5.1) 


where we used the definition 


V = -v 




+ T)e- 


(5.2) 
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Recall the following enumerations from [3]. For i,j S {1,2,3} and a ,6 G { 0 , 7 ^}: 

= P.3a) 

NLSlij, a,b) = - j {Qidpi) dV (5.3b) 

NLS2ii,j, a,b) = -j A^QlA^ {dpid\dpl) dV (5.3c) 

NLP{i,j,0) = j AplA^ (4 (^dppp)) dV (5.3d) 

NLSlij, 0) = - J A^QIA^ (qPP^'^ dV (5.3e) 

NLS2ii,j, 0) = - y APIA‘S [dpppp) dV (5.3f) 

N=-I AplA^ (^djap - app {pp)^) dV (5.3g) 

To = - y AplA^ {gavQl) dV (5.3h) 

'T'^ = - j A^Qp^ (u ■ Vg2) dV (5.3i) 


Note that we have split P into three contributions: To (the (2.5NS) interactions), 7^ (the (SI) 
and (3DE) interactions), and a contribution that is grouped with F (the (F) interactions). Simi¬ 
larly, we have split the NLS and NLP terms into several contributions: NLSl{j, 0), NLS2{i,j, 0), 
and NLP[i, j,d) (the (2.5NS) interactions), the NLSl{j,a,b), NLS2{i, j, a,b), and NLPii, j,a,b) 
(the (SI) and (3DE) interactions), and a contribution that is grouped with P (the (F) interac¬ 
tions). This kind of subdivision will be used repeatedly in the sequel. 

5.1 Zero frequencies 

5.1.1 Transport nonlinearity 

Turn first to To, the (2.5NS) contribution to the transport nonlinearity. From Lemma I4.1UI 

To < \\A'‘Ql\\^ (1I/I9II2 llQSIIe.., + llsileo,, IIV/l^QSII^) 

S||-4^Qo||o(E||<3o|le.., + -^||V.4=<3?||,) 

<*3/2 ||v.4V||o+('||J+£j WA-^Q^, 

which is consistent with Proposition 12.II bv absorbing first term with the dissipation and integrating 
in time, provided cq, and e (equivalently v) are chosen sufficiently small. 

5.1.2 Nonlinear pressnre and stretching 

These terms correspond to the nonlinear zero frequency interactions in the pressure and stretching 
terms, and so are of type (2.5NS). Unlike in 01 , Al near the critical times, we have less 

control over Qq. Therefore, the most difficult contributions will come from terms which involve two 
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derivatives of Q^. Consider NLP{3, 3,0) as a representative example; the other contributions are 
all treated with a similar approach (or are easier) and hence are omitted for the sake of brevity. 
We expand with a paraproduct and group any terms where the coefficients appear in low frequency 
with the remainders: 


NLP{3,3,0) = 2 J A^QIA^Oy {{dzUl)Hi{dzU^)Lo) dV 

+ J {{{lpy)HidY + {4>y)Hidz) ((5zC'o)io(5zt^o)Lo)) dV 

+ J A^QIA^Oy {{{(j)z)Hidz + {ipz)mdY) {UQ)Lo{dzUQ)Lo) dV 
+ -P7^,C 

= PhL + Pci + Pc 2 + P-Jl^C- 

Turn to Phl first. By (|2.50p and (|4.3p we have 


PhlU^Y. QoO.oj 


NR 


1 , 1 ' 


|r| + \r] — tr\ 


+ X*’^^AlA,l)Al{^,n 


Low{r] -C,l -l')dr]d^, 


which by (14.231) . (I4.29cl) gives (along with et < cq), 

I s/2 \ 


Phl < et 


^42 , 
w + (t)‘ 


-XI' Qf, 


dtw~^3 

w 


IV 


s/2 


(A 


AlU^ 


+ e\\A^Qll\\ALA^U^,\ 


^ Co 


9tw ^2 , |V. 

w (t) 


s/2 


-A^ Ql 


+ Co 


dtw ,-3 , |V, 

w (t) 


s/2 


-x43 AjJJl 


+ e\\A^Ql\^, + e\\ALA^Ul^l 


3rr3||2 


(5.4) 


By Lemmas lC.4l and lC.5l this is consistent with ProDosition l2.1l for co sufficiently small and t < coe“^ 
by absorbing the leading terms with the dissipation energies and integrating in time. 

Of the coefficient error terms, Pc 2 is the most difficult; we treat only this case and omit the 
others. By (14.3p . (12.501) . and (I4.29cp . followed by Lemma 14.111 


Pc2 < e^ 

1,1' ' 


AlQlivA 


A{U')\ 

iUf 




+ 


(V)"^ A^, 


+ 


(l>yAJ')Hi 


Low{r] — — l')drjd^ 


< g2 II A2r^2 




< 




which is consistent with Proposition 12.11 for co sufficiently small after integrating in time. 

The remainder terms are similar, or easier than, the terms treated above and hence these are 
omitted for brevity. This completes NLP{3,3,0)-, the other NLP terms are similar or easier and 
are hence omitted as well. 
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5.1.3 Forcing from non-zero frequencies 


Turn next to nonlinear interactions of type (F): the interaction of two X frequencies k and —k and 
sub-divide via 


X=-l A^QlA^ ( 449 * - dWyd^z 

= F^ + F‘^ + i?3_ 


444 {u^u^)^) dv 


As in [4], all three are treated via variants of the same basic approach which will ultimately come 
down to applying the appropriate multiplier estimate in (14.171) or (14.261) depending on the combi¬ 
nation of derivatives present. However, the situation here is more complicated than in [4j due to 
the additional regularity loss in non-resonant modes of near the critical times. 

We expand F^ with a paraproduct and group terms where the coefficients appear in low fre¬ 
quency with the remainder: 

= 2 ^ /■ (Ul)J dV 

fc/0 

+ Y.I A^QlAl + {(^y)mdz) dydz {{U^)lo i^l) J) dV 

+ J2[ A^QlAl {dy + i^.)mdz) dz {{uh )lo H) J) dV 

+ Y, [ A^QlAl {dydz + {^,)mdz) {{ulk)Lo iUk)J) dV 

+ 

= PrL + -fci + -fc2 + -fc3 + 

where here q includes all of the remainders from the quintic paraproduct as well as the higher 
order terms involving coefficients as low frequency factors. 

Turn first to (recall (I2.49h and the shorthand discussed in (I4.32j) above) which by (j4.3p is 
given by 


dd'uL ~ 




EE 

l,V ■ 


A'^Ql{rj,l)Al{ri,l) 


~ {iaFY 


/ QUd,l) 


k^O l,V 


k'^ + {uy + \c - ktf 


XLUliUYm 


Low{—k, T] — — l')dr]d^ 


E: 


X 7 W 


r,NR 


|r| + \r] — tr\ 


k^ + {dy + \c-ktY \ 40 , 

^') + X*’^^Al{r), l)Al{^, I') 


X \ALU^{^,l')Hi Low{-k,r] - ^,l - l')d7jd^. 
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By (j4.26ap and ()4.17bp (for the contribution), followed by (I4.29cl) . there holds 


pS <1^ 


+ 


dtw 


IV 


42 

w + (t)‘ 


s/2 


Ql 




w 


{ty j 


aA AlU^^ 


{utr 


\\A^AlU^\ 


<lK 


2 

V|V2 


^42 _ 

w (t) 


A^]Ql 


+ 


ejty 

{vty^ 


dtw 


IV 


s/2 


A + , .s 

w {t) 


AlU$ 


+ 


£3/2 

w? 


\/—AlA‘^QI 


2 gl/2 

2 


\A-^AlU^\\1 , 


which after Lemmas IC.7I and 1C.61 is consistent with Proposition 12.11 for cq and e sufficiently small. 

Turn next to the coefficient error terms. Due to the high number of derivatives, the most difficult 
one is hence, we focus only on this one and omit the others for brevity. We have by (j2.49p . 
Lemmaand (I4.29cp . 


^C3 ~ 


< 


(uF) 


2a 

k^O 1,1' ' 


A^Ql{v,l)j^A(MC,nm + UW)m 

\S? ^ / 


Lo'w{—k, r] — — l')drjd^ 


- (uF) 

< . 3/2 


2a 


Ac/), 

2 £5/2 

V~A>-lA‘^QI „ + , , 0 , 4q II^C'll2 5 


+ 


{vy^Ai), 


2 {vF) 


which is consistent with Proposition 12.11 for e sufficiently small. The remaining coefficient error 
terms are similar or easier and are hence omitted. The remainder terms are easy variants of the 
above treatments. The one which may require comment is the error term of the form 


2 ^ [ A^QlAl{{cPy)Lodzdzdz{{uy)^^ {u!)J)dV, 


as the structure of the nonlinearity has changed and it is less clear how to absorb the losses due to 
the unbalance of regularities. However, since HCHgA.T < et, the presence of the coefficients gains a 
power of t and absorbs the loss via et ^ F From there the proof applies (j4.17a|) : for more 

details, see the treatment of below where a similar argument is carried out. This completes 
the treatment of F^. 

Consider next the contribution from F^ and j = 3 (denoted F^y which requires further expla- 
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nation. As above, we expand with a paraproduct, 


F 


1;3 



A^QlAldzdzdz {Ul)j dV 

A^QlAldzdzdz ((C/^Olo H)m) dV 
A^QlAl + {<P.)mdz) dzdz {{U^){Ui)J) dV 

A^QlAl (dz ((^,)mdY + (c/>,)mdz) dz dV 

A^QlAl {dzdz {{i^.hidy + i^,)mdz) {{Uh) lo iUk)J) dV 


^71,0 


The coefficient error terms F^f and remainder terms F^^ are all easier than the F^ case treated 

above and are hence omitted for brevity. Of the two leading order terms, Fj^^ is easier as there is 
no additional regularity loss near critical times (despite the larger low frequency factor); indeed it 
is treated by a straightforward variant of the treatment of F^^. Hence, turn to the latter, which 
by (I2.49P and Lemma l4.1l is given by 


pi;3 < 
^ HL ~ 


it) (vfiY 


EE 


fc^O 1,1' 


A^Ql{r],l)A^{r],l) 


+ {l')^ + I? - kt\ 




Low{—k, rj — ^,l — 


- {t) {vFY 




fc/O 1,1' 




NR 


\r\ + {r] — tr\ 


k‘^ + {lT + \C-ktY \ 
Al{r^Y)Al{U') + x''^^Al{r^,l)Al{U') 


< 


X \ ALUl{i,l')Hi Low{-k,r] - - l')dr]d^ 


/ A^Ql{r],l) 




k^O 1,1' 


k^ + {I'Y + \( - ktY \ {C,d) 


X AlALUl{i,l')Hi Low{-k,r] - - l')drid^. 

By (I4.17al) (with p = 2) and (l4.29cD we have. 




y^^A^Ql \\A^AlU^\\ 


3 11 <,3/2 




A/2 


+ 


(uF) 


2a 


\A^AlU^41. 


which by Lemma fC.71 is consistent with Proposition 12.II for e sufficiently small. This completes F^’^. 
The remaining forcing terms are relatively easy variants of those already treated and are hence 
omitted for brevity. 


l')drid^ 
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5.1.4 Dissipation error terms 

Recalling the definitions of the dissipation error terms and the short-hand (I4.36p . we have 


Ve = v 


J ^oQo^o {GyydYvQo + GzzdzzQo + Gy^dyzQo) dV. (5-5) 


All three error terms are essentially the same and are treated in the same manner as the analogous 
terms in [4]. Hence, we omit the treatments and simply state the results 


(5.6) 


Ve < I|VAC||2 + cqi/ 

Note that as in [3], by (I2.44al) 

c^^ue^\\VACmldt<coe^KB. 

Hence, for cq sufficiently small, (I5.6p is consistent with Proposition 12.11 
5.2 Non-zero frequencies 

Next we consider the contributions to (15.11) which come from the evolution of non-zero X frequencies. 


5.2.1 Nonlinear pressure NLP 

5.2.1.1 Treatment of NLP(l,j, 0,/) 

Here j G {2,3} due to the structure of the nonlinearity. The case j = 3 was singled out in [3] as 
one of the leading order nonlinear interactions of type (SI) (see also 1)2.51) . We will concentrate on 
this case and omit the treatment of j = 2, which is treated with the same method and moreover is 
simpler due to the lack of a regularity imbalance in near the critical times. 

This term is quartic (in the sense that the nonlinearity is order 4) and we will use the paraproduct 
decomposition described in M.2I We will group terms where the coefficients appear in ‘low frequency’ 
with the remainder (see Remarks 14.91 and 14. lOp . Therefore, the expansion is 

iVLP(l,3,0,/) = ^ [ A^QlAmdY-tdx){{dzU^)^^{dxUi)m))dV 
k^O d 

+ Y,j a^qIa^ 

+ Y,j A^QlA^ 

+ Y. j 

kj^od 

+ Pn,c 

= PlH + PhL + Pci + Pc 2 + P-R^C, 

where P'r,c includes all of the remainders from the quartic paraproduct as well as the higher order 
terms involving coefficients as low frequency factors. 


{{dy — tdx) {{dzUl)Hi{dxUl)Lo)) dV 

— tdx) + {4>y)Hidz) {pxUldzUl)dV 
{{dy — tdx) {{dxUl)Lo {{{'>Pz)Hidy + {4>z)Hidz) {Uo)lo))) dV 
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Turn first to Plh-, which by (I2.50p and (I4.3cp is bounded by (recall the shorthand (|4.32p l 


Plh 


A^QI(,1, i)40,0 ., . (T ‘y i')Hi 


<et^ QlivJ) 

k^O-^ 


’ + \lf + ^ 

{rj — tk)k / t 


Low{ 7] — — l')dr]d^ 


X 




r,NR 


t 


-^kidi ^') + X*’^^^fc(^! O^fc(C) ^0 


|r| + I?/ — tr| 

X |Al[/|(^, Low{r] - - l')dr]d^. 

Note that by (l4.1Up . the following holds on the support of the integrand: 

XNR-,k ^ lt<e-i/2+«/ioo + li>e-i/2+5/iooe^'^^ — /ct,/') {rj — ill — 

Hence, by (14.221) (with p = 1), followed by (I4.29cp . 


(5.7) 


T’L/f < et 


dtw ,2 , |Vr/2 ^2 


+ ' /,\s 
W {t) 




+ ^.4d AiC/S 

w {t) ^ 


+ €■ 


3/2 


1^<£-1/2+5/100 6^2 ||H3A,.C/3 11^ + ^3/2-5/50 ||yZA^2l3AiC/^ 


(5.8) 


which is consistent with Proposition 12.II bv Lemmas 1C.61 IC.71 and 1C.91 for e and et < cq sufficiently 
small. 

Turn next to the contribution of PhLi which can be treated in the same manner as in [3]. Indeed, 
by p2.49p followed by Lemma ITT] and p4.29cp . we have. 


Phl ^ 


wEE/ \A^Ql{'n^)Al{Tl,l)\r] - kt\ \l'\U^{i,l')HiLow{k,r] - i,l- l')| dijd^ 


^ {lApy 


fc/O 1,1' 


EE 

fc^O 1 ,1' ■ 


\ 1^1 AU^ii,nmLowik,r^-i,l- I') 

{wp) 


drjd^ 


- {t) {vpy 


\\AU^\ 


< .3/2 




+ 


AP ( 1 


2 ' (z/t3)2« 


\AU, 


1||2 


0||2 1 • 


This is consistent with Proposition 12.11 after applying Lemma IC.41 

Turn first to Pci, which is also treated in the same manner as in [4j. By ^2.4911 . (I2.5np . and 
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Lemma l4.ll we have 


Pci < X] X] / Low{k, 7] - I - l')dr]dC 


{up) 


< 


eH^ 


rv_/ / j.Q\ 


{up) 


k^O 1,1' 

EE 

fc/O 1,1' ■ 


A^QUv,i)- 


2 / t 


A 


< 

rs_/ 


^ Il-4"<3|||, (||(V)-‘ AV .4 + ||(V)-‘ A4,,\l) 




Lo'w{k, rj — — l')dr]d^ 


< 


e II , 0 ^ 0 II 2 e^P ( 1 




{uPf 


{^tr \{t)^ 


WACWi , 


which is consistent with Proposition 12.11 for e sufficiently small. This completes the treatment of 
Pci- The second coefficient term, Pc 2 , is very similar: there is one extra derivative landing on the 
coefficient but there is one less power of time from the low frequency factor. By Lemma [4.11 we will 
be able to balance the loss by the gain and apply essentially the same treatment as we did for Pci- 
Hence, this is omitted for the sake of brevity. 

Similarly, the remainder and coefficient terms Pn^c are omitted as they are easier or very similar. 
This completes the treatment of iVLP(l, 3,0, 7 ^). 


5.2.1.2 Treatment of NLP{i,j,0,^) with i G {2,3} 

We will demonstrate how to deal with these terms by the example of NLP{2, 3, 0, 7 ^) (recall (j5.3p i. 
which is one of the leading order terms. Expanding with a quintic paraproduct and grouping the 
low frequency coefficient terms with the remainder: 

NLP{2,3,0,^) = Y^ [ A^QlAmdY-tdx){{dY-tdx){Ul)m{d%U^)Lo))dV 

+ Y.I A^QlA^ {{dy - tdx){{dY - tdx){Ul)Lo{d^zU^)m)) dV 

+ / A^QlA^ {{{Py)m{dY - tdx) + {<Py)mdz) (4(t^l)Lo(4t^o)Lo)) dV 

k^O-^ 

+ ^ f A^QIA^ {{dy — tdx){{i'4>y)Hi{dy — tdx) + {(f>y)Hidz) (Uk)Loidz^o) Lo)) dV 
k^O-^ 

+ Y, [ {ipy - tdx){{d^yUl)U{{4>z)mdz + {pz)mdy) U^)lo)) dV 

+ Pn,c 

= Phl + Plh + Pci + Pc2 + Pn,c, 

where the term P-ji^c contains the remainders from the quintic paraproducts and the higher order 
terms where the coefficients are in low frequency. 
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Consider first Phl, which by (I2.50p . (I4.1ip . and (I4.3cp . 


PHL<eY^ A^Qlirj, 01??- tk\ - tk\ l')m Low{v - - l')dridi 


< 



Qliri,l) 


r,NR 


^0 + X*’^^41|(t?, I') 


|r| + I?? — tr\ 

X (C - tkf \uliC, l')m\ Low{r, -^,1- l')dr,di. 
By (I4.23p . (15.7p . and (I4.29ap we have, 


iW) 


PHL<e{t) 


' dtw 




IV 


s/2 


W 


+ e' 


3/2 


(t) 

2 

2 








w 


{ty 


AlU: 




lt<e-l/2+Vl00 yP \\AlA^U^41 + 


which is consistent with Proposition 12.11 by Lemmas 1C.611C.71 and 1C.91 

Turn next to Plh- As in [3], this term is treated as in the analogous term in A^LP(1,3, 0, ?4), 
using that extra loss of time from the second d\r derivative replaces the gain in t from the presence 
of Uq as opposed to Uq. We omit the analogous details and simply conclude that 

_ 2 AP 

Plh < + 


{vP) 


2a 


\AU, 


2||2 


0 II2 ’ 


which after Lemma IC.41 is consistent with Proposition 12.11 for e sufficiently small. 

The coefficient error terms, Pci) are also similar to [Ij and the corresponding terms in the treat¬ 
ment of A^LP(1, 3,0, ?4) above in ^5.2.1.11 We omit the details for brevity. Similarly, the remainder 
terms and low frequency coefficient terms are relatively easy to deal with or are easy variants of the 
above treatments and are hence omitted. This completes the treatment of NLP{2,3,0,j^), which 
is the leading order term in NLP{i,j, 0, ?4) with i G {2, 3}. 


5.2.1.3 Treatment of NLP{i,j,^,y^) terms 

These are pressure interactions of type (3DE). All of these terms can be treated in a similar fashion, 
however the terms involving are slightly harder due to the regularity imbalances. We will focus 
on the case i = 1 and j = 3 and omit the others, which follow analogously. As usual, this term 
is quartic, but when we expand with the paraproduct we will keep the coefficients only when they 
appear in high frequency and group the other terms with the remainder. Hence, 

NLP{ 1 , 3 , 7^, /) = I A^Q^A^ {{dy - tdx){idzU^)Lo{dxU^)m)) dV 
+ j A^QlA^ {{dy - tdx){{dzU^^)Hi{dxUl)Lo)) dV 

+ j A^Q^A'^ {{{yy)Hi{dy - tdx) + {(l)y)Hidz) {{dzU^^)Lo{dxU^)Lo)) dV 

+ Y, [ A^Q^A^ {{dy - tdx){{{pyHi{dy - tdx) + {4>z)Hidz) {U^)Lo{dxU^)Lo)) dV 
k 

= Plh + Phl + .Pci + Pc2 + P-ufi, 


49 

























































where P-jifi contains the paraproduct remainders and the terms where coefficients appear in low 
frequency. By (I2.49p . (I4.3cl) . and (I4.25al) . 


Plh < 1){V - l')\Low{k -k’,rj-U- l’)dr]di 


< 

rsj 


e{t) 


Si 


(rfS) ^ 


E / 

t 


{rj — kt)k' 


\kf + \lf + \i-k't\^ \ {W) 


t 


.NR 


|r| + \r] — tr\ 


+ X 


.*;23 


A^AlI^, (e, /') Low{k -k\r,-U- l’)dr]d( 


< 

< .3/2 


5i 


^^lA^QI \\AlA^U^\ 


^/^lA^QI 


2 {upy^ " ^ 


which is consistent with Proposition 12.11 bv Lemma IC.71 for e sufficiently small. 
By (I2.49p . (14.3p . and (|4.16bp . followed by (j4.29cp . we have 


Phl<j^J2 j A^Ql{ri.l)Al{riMd-kt)l'Ul,{U') Lowik - k',r^ - ^,1 - l')dr^d^ 

(t) {rj — kt)l' 


~ {upy 


E 




Si 


{W)/ \k'\^ + \i'\^ + \i-k't\ 


iAlA^UUU') 


X Low(k — k',r] — — l')dr]d^ 


< 

~ {vpy 


dtw 


IV 


\s/2 


w {ty 


-A^ q 2 




+ 


e(t} 


Si 


{vpy 


y^LA^Ql \\AlA^U^^\\^, 


which after Lemmas IC.7I and IC.61 is consistent with Proposition 12.11 

As in [3], the coefficient error terms are straightforward here and are hence omitted for the sake 
of brevity. As discussed above, the remainder terms Pji.c are much easier than the leading order 
terms, and these are hence omitted. This completes the treatment of A^LP(1, 3, 7 ^, 7 ^). Other i,j 
combinations can be treated via a simple variant of this (one will also use (|4.25ap for this). 


5.2.2 Nonlinear stretching NLS 

5.2.2.1 Treatment of NLS'ipj, 0, 7 ^) and NLSl{j,y,0) 

Recall the dehnition of NLiS'l(j, 0, 7 ^) from (j5.3p . These terms can essentially be treated in the 
same manner as the NLP{j, 2, 0, 7 ^) nonlinear pressure terms in T5. 2. 1.11 and T5. 2. 1.21 and hence we 
omit them for brevity. 

Consider the NLSl{j, 7 ^, 0) terms. Notice that the j = 1 term disappears due to the usual null 
structure. The j = 3 term is then the most dangerous remaining term as we must contend with the 
loss of regularity near critical times as well as a large low-frequency growth. Expanding this term 
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with a paraproduct and focusing on the highest order terms gives: 


NLSliS, 0) = - y {{Ql)midzU^)Lo) dV - j A^Q^A^ {{Q^^)Lo{dzUi)m) dV 

- J A^Q^A^ {{Q%)lo {{^z)HidY + {(^z)mdz) {U^)lo) dV + Sn,c 
= Shl + Slh + S'c + Stz^c, 


where S-ji^c contains the paraproduct remainders and the terms where the coefficients appear in 
low frequency. By (j2.50p . (j4.3cp . (I4.23p . (15.7^ . and (j4.29cp we have 


SHL<e^l |q1(7?,0 

k 

X (y,x'- 


t 


NR 


iU') 

t 


r| + |?7 — tr\ 
xIqU^J') Low{r] - - l')dridi 


^I(^) ^') + X*’^^x 4 |(t 7 , 1)AI{^, l') 


<et 


dtw 


IV 


u; + (t)^ 


s/2 


-A^ 




w 


A^] 


{ty J 


+ e' 


3/2 




which is consistent with Proposition 12.11 for e and cq sufficiently small. 

The treatment of Slh is the same as [1]: by (I2.45p . Lemma ITTl and (|4.29cp . 


2 

2 


Slh < 


< 


0y,Yl j A^Qlir^,l)Al{7j,l)l'ul{tnm Low{k,r^ - U 


II /|2(02|| |Mr/2|| 

{yty^" 11^ ^ II 2 ll^^o II 2 > 


l')dr]d^ 


which is consistent with Proposition 12.11 for e sufficiently small. The coefficient error term, Sc, is 
treated as in [3]: by (I2.50p . (I2.49p . and Lemma ITTl and Lemma [4.111 


5c < 


wtr 


E 


A^Qliri,l) 


1 


(i) (e, i'\ 


-AlPy{^,l')Hi 


Low{k, r] — ^,l 


< 

r\j 


{RtT 







PC|| 


2 

2 ! 


l')dr]d^ 


which is consistent with Proposition 12.11 for e sufficiently small. 

As usual, the remainders and coefficient error terms in S-ji.c are signihcantly easier to treat 
and hence are omitted for brevity. This completes the treatment of A^L51(3, 7 ^, 0); the other term, 
NLS1{2,^,0) is easier and is treated the same way, hence we omit this for brevity. 


5.2.2.2 Treatment of A^LiS'l(j, 74 ,/) 

The most problematic terms are j = 3 and j = 1. The other terms will be treated in a similar 
fashion, so we focus on the j = 3 for brevity. We expand the term with a paraproduct and only 
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keep the coefficients to leading order when they appear in high frequency: 


NLS1{3, /,/) = - y {{Q3^)H,{dzU^)Lo) dv- I {{Q%)Lo{dzUl)Hi) dV 

— J A^Q'^A^ (^{Q^)lo i{'ipz)Hi{dY — tdx) + {4>z)Hidz) U^)lo) dV + Sti^c 

= Shl + Slh + Sc + Sti^c, 

where S-ji^c contains the paraproduct remainders and the terms where the coefficients appear in 
low frequency. By (j2.49p . (j4.3cp . and (j4.29cp we have 


Shl < 


(t) {ut^Y 


E 




«,i'> 


E 


X 


r,NR_ 


t 


|r| + \r] — tr\ 




X Low{k — k',r] — ~ l^dvd^ 


^ {ut^Y 


U2q 2|| |U3g3 


which is consistent with Proposition 12.11 for e sufficiently small. 

Turn next to the Slh term. By (I2.43p . (14.3p . (I4.14p . and (I4.29cl) we have 




in 


\k'Y + \l'Y + \C-k't\ 


,/\LA^Ul,{W)Hi 


X Low{k — k' ,T] — — l')drjd^ 


<lK 

- {ut^Y 


dtw , |V. 
w (t) 


s/2 


-A^ 


dtw 


IV 


s/2 


W {t) 






which is consistent with Proposition l2.1l for e small by Lemmas 1C.71 and 1C.61 For the coefficient error 
term is treated in the same fashion as the corresponding error term associated with A^LS1(3, 7 ^, 0) 
in T5.2.2.1I above. Hence, the treatment is omitted. Similarly, the remainder and coefficient low 
frequency terms in S-jifi are also omitted. This completes the treatment of the iVLS'l(3, 7 ^, 7 ^) term; 
the other A^LS'l(j, 7 ^, 7 ^) terms are treated similarly. 


5.2.2.3 Treatment of A^LS'2(i, 1,0, 7 ^) 

Recall the definition of these terms from (j5.3l) . The non-zero contributions come from i = 2 and 
i = 3 and these can be treated as in [3] (note does not appear in either). We hence omit the 
treatment for the sake of brevity (it roughly parallels NLP(1, 2,0, 7 ^) in 1)5.2.1.11 which was omitted 
since this was slightly easier than the leading order NLP{1, 3, 0, 7 ^)). 


5. 2 . 2 .4 Treatment of NLS2{i,j,0,Y) with j 7 ^ 1 

Recall ()5.3p and note that z 7 ^ 1. Unlike in [4], not all the cases are quite the same. However, the 
losses due to the regularity imbalances in can be easily absorbed by the low frequency growth 
of Q^. Otherwise, the treatment is similar to that used in [4j. Hence the details are omitted for 
brevity. 
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5.2.2.5 Treatment of NLS2{i,j,^,0) 

Recall ()5.3p and note that j ^ 1- These terms can all be treated in a manner similar to the treatment 
of NLS2{i,j, 0, /) above and are hence omitted for the sake of brevity. 


5.2.2.6 Treatment of A^LS'2(z, 7 ^, 7 ^) 

First note that the contribution i = j = 2 cancels with the NLP terms. These terms are treated 
similar to however they are generally easier as the regularity imbalances in 

and the large growth in arises on the factor with fewer derivatives. Moreover, if or are 
in high frequency, than the decay of the low frequency factor U'^ is better by a Hence, it is 
straightforward to show that for all choices of i and j, 


NLS2{i,j,^,^) 


< 


et 


{vPf 


+\\A^NlUI\\ 


which is consistent with Proposition 12.11 bv Lemma IC.71 for e sufficiently small. 


5.2.3 Transport nonlinearity T 

Next, we treat 7^ (recall (15.3^ 1. Begin with a paraproduct decomposition: 

= - y A^QlA^ {Ulo • VQ^,) dV- J A^Q^^A^ (Um • VQL) dV - J A^Q^^A^ (u • ^Q^)^dV 

= Tt + Tr + Tn, 

where, as in [4], ‘T’ and ‘R’ stand for transport and reaction respectively. Decompose the transport 
and reaction terms into subcomponents depending on the X frequencies: 

'Tt = - j A^QlA^ ({U^)lo • (VQ^)ffi) dV- j A%Q^A^ {gLodY{Q%)m) dV 

- I A^Q%A^ {{U^)lo • V(Q^)ffi) dV 
= Tt-^o + Tt-o^ + 


and. 


Tij = - y A^QlA^ ({U^)m • {'^QDlo) dV - j A^Q^^A^ {gmdY{Q^^)Lo) dV 

- I A^Q%A^ dV 

= Tr-^O + Tr-Oj^ + Tr-^t^- 


5.2.3.1 Transport by zero frequencies: 7r;0^ 

Turn first to which is the transport by g. On the Fourier side. 


Tt-o^ 


i'LY.j \A^Ql{g,l)Al{r^,l)g{p -^,1- nUQl{^,nm\dgdC. 


k 1,1' 
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Hence, by (j4.3p . |^| < |C ~ kt\ + \kt\, and ()4.29cp 


7t;0^ 


< 


IgA (II(Or - tdx)A^Q\ +1 IIOx^'Q'iy 


<{t)\\9\\gx\\A^QU2 ^T^lA^QI 2 
\/-^lA^Q% ^ + -^||^^Q/||2, 


< .3/2 


where the last line followed from the low norm control on g, ()2.44dp . This contribution is hence 
consistent with Proposition 12.11 for e sufficiently small. 


5.2.3.2 Transport by non-zero freqnencies, Tt-^^ and 7 t;^o 
Turn next to Indeed, going back to (I2.24p . 








dV. 


The presence of the coefficients is irrelevant by Lemma 14.91 and Lemma 14.111 so let us ignore them. 
By (14.31) . ()4.29cl) . and (|2.49p we have 




rl 


< 


1/2 /a2<5i 


T^iigA + llt^^llgA + \\u: 


3 II 

^IlgA 


AV||2 


{ty 


{vty 


2a 






which is consistent with Proposition 12.II for 5i and e sufficiently small. The contribution from 7 t;^,o 
is treated similarly and yields 


Tt-^o 


2/o2| 




\A^Q 


Qollo ^ 


T/2 


2/o2 


{uty 


2a 


\A^Q 


2 

2 


+ lIVkl^Qg 


2 

2 ’ 


which is consistent with Proposition 12.11 for e sufficiently small. This completes the treatment of 
the ‘transport’ contribution to the transport nonlinearity. 


5.2.3.3 Reaction term Tr;o^ 


It is in the reaction terms where things get more interesting. We begin with the trivial one, Tr^jL- 
By Lemma l4Tl (I2.49jl . and (j4.29cp . 


tr-o^ y, 


et 




E 


A^Qli^y) 


^ iur 


-Ag{iy')Hi 


Low{k, g — — l')d^dg 


< 

r\j 




which is consistent with Proposition 12.11 for e sufficiently small. 
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5.2.3.4 Reaction term Tr-jLq 

First consider Tr-^q, which is further divided via (recall this shorthand notation from l)4.2l and the 
a priori estimates (j2.49p . (j2.50p i 


TR;^o<eY^ I 

+ Low{r] - ^,l -l')drid^ 


k^O' 


+ 


it) 


TT^YI / Low{ri - ^,l -l')drid^ 

' k^o 


+ (^ 3 )° X] / ^‘^QkivJ)AkidJ) + <Pzi^,l')m'^ Low{r] - - l')dr]d^ 


k^O' 


+ Tr-^o-r 

= Tr-^0]2 + Tr;^0;3 + Tr;^ 0;C1 + Th;^0;C2 + Tr;^0;TI- 
Turn first to Tr-^o- 2 - By (j4.3p . (j4.29cp . and the projection to non-zero frequencies, 

Tr.,^ 0;2 < e II WA-ulW^ < e ||A^g^||, , 

which by Lemma IC.71 is consistent with Proposition 12.11 for cq sufficiently small. 
Turn next to Tr-^lq-s- By (I4.3cl) . (|4.24cl) . and (I4.29cp . 


Tr-,^0-,3 ^ 

fc^O' 


A^Ql{v,l) 


iW) 


+ {Uy + \C - kt\^ 


X 




r,NR_ 


|r| + I?? — tr| 


+ X^ 


*;23 


AlA^UH^, l')Hi Low{rj - / - l')d^dr] 


< 


|^2Q2|y|^^^3^3|j 


which by Lemma IC.71 is consistent Proposition 12.11 for cq sufficiently small. 

The two coefficients are straightforward and are hence omitted for the sake of brevity. The 
remainder terms are even simpler and are hence omitted. This completes the treatment of the 
reaction term Tr-^q. 


5.2.3.5 Reaction term Tr-^^ 

Turn finally to Tr-^^, which is more problematic here than in [3] due to the low frequency growth 
of g^ and the lower regularity of Q^. As in the treatment of Tr-^lq above in 1)5.2.3.41 we sub-divide 
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in frequency more carefully. 
e{t) 




{vtT 

e{tf 


+ 

+ 

+ 

+ 


{utT 

e{t) 

{utT 

{t) 




Low{k -k',r]-^,l- l')dr]d^ 

A'^Qkid, l)Aliv, l')m Low{k -k',ri-^,l- l')dr]d^ 


.E/> 


kk'(k-k')^Q 


A^Qlir,, l)Al{7j, l)Ul, (C, l')m Low{k - k', ii - U - l')dr^di 


El 


kk'(k-k')^0 


X Low{k — k',r] — — l')drid^ 

{tf 


A'^Qki'ny) yy{iy')Hi + 


El 


kk'{k-k')^0 


A^Qlirj, l)Al{rj, 1) Mi, l')m Low{k -k',r^-i,l- Mrjdi 


{uty 

= Tr-J^jL + Tr.jLjL + + Tr^jL + Tr^^ + Tr-^^-TI, 

where we used et (yt^) ^ in to reduce the power of time of the [U^Hi (V'z('9y — tdx)Q^) 

term. 

Turn hrst to which by (I4.3p . (j4.15jl and (|4.29cp is given by 


Lo 


7-1 < 

iR-y^ ~ /,/+3\« 


{uty 

e{tf 


A^QlM) 


{k'Y + {VY + \i-k'ty \ {W) 


l+h 


X MMUl,{i,l')m Low{k - k',r] - i,l - l')dr]di 


- my 


dtw 


IV 


+ u\i 

w {t) 


s/2 


-A^ 


dtw Ti i\ 1 

AlU^ 


w 


(ty 


+ /ufSy II^^Q^Il2 ’ 


M) 


which by Lemmas 1C.71 and IC.61 is consistent with Proposition 12.11 by the bootstrap hypotheses for 
e and 5i sufficiently small. The treatment of Tr.^^ is essentially the same as and yields 


t2 . e{ty 


dtvi „ , ivr-'i 


-^ t+\ 

w {t) 




V|V2 


W (t) 




A" AlM 


+ 


which again by Lemmas lC.7l and lC.6l is consistent with Proposition 12.II bv the bootstrap hypotheses 
for e sufficiently small. 

Turn next to By (|4.3cp . (l4.24cP and (j4.29cp . we have 

1 / t 


7-3 < eW 


AMMY) 


{k'Y + {vY + \i-k'ty \ M') 


X 




r,NR_ 


|r| + I?/ — tr| 


+ X^ 


*;23 


AMlUIM l')Hi Low{k -k',r]-i,l- l')dM 


^-^\\A^Q‘'\\2\\^lAM4^, 
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which after Lemma IC.71 is consistent with Proposition 12.11 

The coefficient error terms are treated the same as in i)5.2.3.4l hence we omit the treatments for 
brevity and simply conclude 


'T-'C'l I '7-'C2 c;;' 


eH 


{ut^y 


-II41VII2PCII2. 


The remainder terms Tr;^/ are similarly straightforward and are omitted for brevity as well. This 
completes the treatment of the transport nonlinearity for Q^. 

5.2.4 Dissipation error terms V 

Recalling the dissipation error terms and the short-hand (I4.36p . we have 

T’e = R ^ f {Gyy{dY — tdx)'^Ql + Gyz{dY — tdx)dzQl + GzzdzzQl) dV. 

These terms can be treated in the same manner as the analogous terms in [3]; therefore, we omit 
the treatment for brevity and simply conclude the hnal result: 




f'-"" .2^2 1,2 , 


'/ 2 + (pj3)0 I4^‘3yi2 + (,2(3) 

which is consistent with Proposition 12.11 for e sufficiently small. 

6 High norm estimate on 

Computing the evolution of A^Q^: 




2 ! 


lA < A 




dtw 


w 


A^Q- 


dtWL 

WL 


A^Q^ 




- 2 y A^Q^A^d^xU^dV + 2 j A^Q^A^d^zxU'^dV 

+ v j A^Q^A^ {AtQ^) dV - j A^Q^A^ {u ■ dv 

- j A^Q^A^ [Q^dp^ + 2djWdjp^ - d\ {d\Wdp^)] dV 

= VQ^ - CKl + LSZ + L?, + Ve + T + NLSl + NLS2 + NLP, 
where we are again using 

Ve = e [ Ap^A^ ({At - Al)Q^) dV. 


( 6 . 1 ) 
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As in (j5.3p . let us here recall the following enumerations from [3]: for i,j S {1,2,3} and a,b € {0, 7 ^}: 


NLP{i,j,a,b) = j A^Q%A^ (4 dV (6.2a) 

NLSl{j, a,b) = - J {Qidpi) dV (6.2b) 

(6.2c) 

NLP{i,j,0) = J AplA^ (4 [dppp)) dV (6.2d) 

A^L51(j, 0) = - y AplA^ [Qidp^^ dV (6.2e) 

NLS2{i,j, 0) = - y AplA^ [dpppp) dV (6.2f) 

J- = - y AplA^ (^dPdj {Up^)^ - dpp dV ( 6 . 2 g) 

To = - y AplA^ (Uo ■ VQg) dV (6.2h) 

4 = - y A2 q 3 ^3 ^g_2i) 

Note we have split the nonlinearity up analogously to what is done in (15.3p above. 

6.1 Zero frequencies 


As in the treatment of A^Q^ in ^5.11 the estimate on Qq is very different than the estimate on 
and are hence naturally separated. 

6.1.1 Transport nonlinearity 

The treatment of To, the (2.5NS) contribution to the transport nonlinearity, goes through exactly 
the same as the corresponding treatment for Qq in 1)5.1.11 (as the main problems in A3 will only 
arise when changing the X frequencies) and hence, for the sake of brevity this term is omitted. 

6.1.2 Nonlinear pressure and stretching 

The treatment of zero frequency pressure and stretching contributions in (16.ip is very similar to 
the treatment used for Qq in 1)5.1.21 except that since we are estimating with A3, there is no loss 
on factors involving t/3 there is in 1)5.1.21 As the treatment here is analogous (except easier), we 
omit these terms for brevity. 

6.1.3 Forcing from non-zero frequencies 

Turn next to the treatment of P (defined above in (j6.2)) l. for nonlinear interactions of type (F). In 
accordance with the toy model in 1)2.51 we will find that the forcing from non-zero frequencies on 
Qq is more extreme than those on Qq. In particular, unlike in ^5.1.31 above, in order to treat the 
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case <C e we will need the regularity imbalances. Write 

T=-J 

= F^ + F"^ + F^. 

The most dangerous term is F^; we omit the other two for brevity as they are easy variants of F^ 
and the treatments in 115.1.31 Write 

= - y +444 

The first term, F^’^, is the leading order contribution (at least when [/^ is in high frequency) due to 
the that will be present near the critical times due to the {dy)^ (near the critical times dy ~ tdx), 
and hence let us focus on this and omit F^’^ for brevity. Expand F^’^ with a quintic paraproduct 
and group all of the terms where the coefficients appear in low frequency with the remainder: 


= - E / A^QlAldydyOy (U^,) J dV 

k^O-^ 


- E / A^QlAldYdrih- {(Ul,)^ dV 

k^O'’ 

-Y,j {{'^y)mdy + {(l>y)mdz) dydy {{U^_k) Lo H) Lo) 

-Y^j A^QlAldy {{{i^y)Hidy + {cPy)mdz) dy {{Ul ,)([/|) J) dV 

-Y [ A^QlAldydy {{i^Py)mdy + i<i>y)mdz) {{Uh)Lo {Ui)Lo)) dV 

+ -4.,C 

= Fhl + Flh + Fci + Fc 2 + Fc 3 + Fti^c, 

where here F-ji includes the remainders from the paraproduct and terms where coefficients appear 
in low frequency. 

Turn first to the easier Fhl- From (j2.49h . (14.3p . (I4.17p . and (I4.29ch we have, 


Fhl < 


< 

('N_/ 


{t) {vF) 

k^ 

e{tf 

(J 

{vFr 


e 

+ 



Y12 I 

Vi^/2 - 




iw) 


k'^ + {vy + \c - kt\^ 


(t) {uFy 


W {t) 




w {t) 


AlA^U^{^, l')Hi Low {-k, rj - - I') drjdC 

|V|*/2 


AlU^ 


Ia-^AlU^W^, 


which, after the application of Lemmas 1C.61 and 1C.71 is consistent with Proposition 12.II Notice the 
importance of the inviscid damping to reduce the power of t. 

Turn next to Flh, which is the term appearing in the toy model in ^2.51 as one of the leading 
order contributions to the nonlinear interaction (F). Here, it is the regularity imbalance between 
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and Qo which will reduce the power of t. By (j2.49l) and Lemma 14.11 we have 


Flh < 




EE 

fc^o i,v ■ 




i-)i 


< 




/ Qoi^’O 


k^O 1,1' 


k‘^ + {lY^ + - kt[ 

\vf 


-ALUl{U')Hi 


Low{—k, T] — — l')dr]d^ 


k^ + {I'Y + \C-kt\^ 


^NR,r \r\ + \ri ^ l)Al{i, I') 


iW) 


AIAlUK^, l')m Low{-k, r]-^,l- l')dT]dC. 


Therefore, by (|4.26bl) and (I4.26cl) . followed by (j4.29cp . we have 


d^LH ~ 


ejtf 

{vt^Y 


—A^ + 


w 


{ty 


Ql 


+ 




^/^lA^QI \\A^AlUI\ 


dtw . IV 


s/2 


W 


-A^ + 


(ty 


-A^ 


AlU^ 


which by Lemmas 1C.61 and 1C.71 is consistent with Proposition 12.11 for e sufficiently small. 

The terms associated with the coefficient terms are treated the same as the corresponding terms 
in T^.1.31 and are hence omitted for brevity and we simply conclude the results 




.5/2 


+ 


{vty 


2a 


PC|| 


The remainder terms are similarly straightforward or easy variants of the other treatments and are 
hence omitted as well. This completes the treatment of F^. As mentioned above, the treatments 
of F'^ and F^ are similar (but easier) and hence also omitted. 


6.1.4 Zero frequency dissipation error terms 

The treatment of the dissipation error terms for Qg is the same as Qq as outlined in T1.1.41 and 
therefore is omitted for the sake of brevity. 


6.2 Non-zero frequencies 

6.2.1 Nonlinear pressure NLP 

6.2.1.1 Treatment of NLP(l,j, 0,/) 

This term is the analogue of the nonlinear terms treated in 1)5.2.1.11 Note that j 7 ^ 1 by the zero 
frequency assumption. We can essentially use the same treatment, although here it is easier since 
Y derivatives are slightly harder than Z derivatives and because we are imposing one less power 
of time control on than on For this reason, we omit the treatment for brevity and simply 
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conclude the result: 


NLP{l,j,0,^)<co 


dtw 


IV 


s/2 


W {t) 




+ e 


y—+ lj^g_i/2e 


2 

1/2 


—A^ + AiUi 


w 


{tr 


A^AlU^^ 


+ e 


3/2 


^^A^AlU^, 


+ 


e W 


^ + _^||Ay||y|AC||,, 


which, after Lemmas IC.411C.611C.71 and 1C.91 is consistent Proposition 12.11 for e sufficiently small. 


6.2.1.2 Treatment of NLP{i,j,0,^) with i £ {2,3} 

This is the analogue of the nonlinear terms treated in ^5.2.1.2l above. These can treated analogously 
to the treatment in T5.2.1.21 but in fact it is much easier here due to the fact that is growing 
quadratically at ‘low’ frequencies. In particular, we can deduce (using also j / 1), 


NLPiiJ, 0,7^) < e \\A^Q^4^ WAlA^^^ 

(t) 


2 (z/t3)«-l II ^/Il2ll 0||2 




which after Lemmas IC.411C.61 and 1C.71 is consistent with Proposition 12.11 for e sufficiently small. 


6.2.1.3 Treatment of AlLP(i,j, 7 ^, 7 ^) 

These terms are fairly straightforward. The term with i = j = 3 cancels with the NLS terms. Let 
us just treat NLP{l,3,j^,j^) and omit the others for brevity, which follow by similar arguments. 
Expand with a paraproduct, as usual grouping higher order terms involving the coefficients in low 
frequency with the remainder 

1VLP(1,3,7^,7^) = J A^Q^^A^dz[{dzU^)^^{dxU^)m) dV 

+1 A^Q^^A^dz[idzU^^)^, (dxU^) Lo ) dV 

+ j A^Q^^A^ [{{(^^)mdz + - tdx)) {{dzU^){dxU^)Lo)) dV 

+ j A^Q^A^dz (^{ii4>z)Hidz + ii’z)HiidY — tdx))U^) {dxU^)Lo^ dV 
+ P'Jl,C 

= Plh + Phl + Pci + Pc 2 + Pn,c, 

where Pti^c includes all of the remainders from the quartic paraproduct as well as the higher order 
terms involving coefficients as low frequency factors. 
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Consider P^h first. By (j2.49l) followed by (|4.3bp . by (I4.25dl) and (j4.29cp it follows that 


Plh < 


{upy 


X X 


R,NR 


\lk'\ 


\k'\^ + \lf + \^-tk'\^ 


^ _ I NR,r W\ + |?7 - k't\ 33 

+ \r]-kt\^^ t 


A^ALUl,{^,l')Hi 


X Low{k — k',7] — — l')drid^ 


- {vP) 


\A^Q%\\A^AlUI\ 


which after Lemma IC.7l is consistent with Proposition 12.11 for (5i and e sufficiently small. 
Consider next Phl- By (|2.49l) followed by (14.3p . we have 




k^O' 


m it) 


\k'f + \lf + \^-tkf 


5i-l 


- (rP) 


A^AlUI, (^, I')Hi Low{k - k',r] - I - l')dr]d^ 


which is consistent with Proposition 12.11 for e sufficiently small after applying Lemma I C. 71 

The coefficient error terms and the remainder terms are straightforward (easier) variants of the 
treatment in l)5.2.1.3l or of the above treatments of Phl and Plh, and hence are omitted for brevity. 
The other nonlinear pressure terms are similar to, or easier than, the above, and are hence omitted 
for brevity. 


6.2.2 Nonlinear stretching NLS 

Controlling the NLS terms in the evolution of is in general slightly harder than for (treated 
above in 1)5.2.21) . due to the fact that is larger than U'^. Moreover, we occasionally have to deal 
with the imbalance in the regularities inherent to ^4^. 

6.2.2.1 Treatment of NLiS'l(j, 0) and NLSl{j,0,j^) 

Consider first the NLSl{j, 0, y^) terms. Due to the large size of Qq, it turns out j = 1 is the hardest 
case, and hence we only treat this case (the case j = 3 is complicated by the regularity imbalance 
of A^ compared to (see Lemma ITT]). however, even at the critical time, the loss is at most (t), 
which is still not more than what is lost when comparing Af, to A^. Expanding with a paraproduct 

NLS1{1, 0, y^) = - ^ / A^QlAl {{Ql)m[dxUl)Lo) - E / {{Ql)Lo{dxUl)m) dV + Sn 

= Shl + Slh + Stz- 

For the Shl term, it follows from (12.491) . Lemma ITTI and (|4.29cl) . 

Shl<-^||.4VIU4'QJ||,. 
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For the Slh term, by (12.501) and ()4.3p . followed by (j4.14l) and (I4.29cl) 


SLH<etY, I A^QlirjJ) 

<et 


k^ + Wr + \C-kt\^ 


dtw 


V 


s/2 


A + , 

w {t) 


-A^ 


A^AlUI{C, l')m Low{r^ -(,1- l')dr/di 


^ , 

W (t) 


-A-' AlU^ 


+ e\\A^Q^\\^\\A-^ALU^ 


which is consistent with ProDosition l2.1l for e sufficiently small by Lemmas lC.6l and lC.71 The remain¬ 
der term is straightforward and is hence omitted. As mentioned above, the remaining NLSl{j, 0, 7 ^) 
terms are omitted as well as they are similar. 

Consider next the A^L5'l(j, 7 ^, 0) terms. Notice that j 7 ^ 1 by the nonlinear structure. The 
remaining contributions are not quite the same: due to the regularity imbalances in A^, the case 
j = 3 is slightly harder (note this does not cancel with the other pressure/stretching terms). Hence, 
we treat this term and omit the j = 2 contribution. As usual, begin with a paraproduct and group 
the terms where the coefficients appear in low frequency with the remainder: 


NLS1{3, 7^, 0) = - J] / A^QlA^ {{Ql)m{dzU^)Lo) dV-^, A^QU^ {{Ql)Lo{dzU^)m) dV 

-Y, [ A^QlAmQl)Lo{icpz)Hidz + ii^z)mdY)iU^)Lo) dV + Sn,c 
= Shl + Slh + Sc + Stz,c- 


For the first term, Shl, from (12.5011 and (|4.3I) we have 


Shl < e ’ 

which is consistent with Proposition 12 .II for cq sufficiently small. For the second term, Slh, we have 
by Lemma l4.ll Lemma IB.71 and (I4.29cp (note that the zero frequency is never resonant and hence 
the term disappears). 


Slh < 


et^ 




X X 


/ Qki'n,i) 

t 


k^o-' 

R,NR 


-2 


\k\ + \r] - kt\ 


iU') 

Al{r^,l)AU^,n + Aliv,l)Al{U’: 


in 


< 

rsj 


X „ 

{W? 

ef 

(, 

{utT 


et 

+ , , 

V 1 U 


A^{vyul{^,l') d^dv 


|VP/2 


(ut^) 


W {t) ] 


A^Q% A^iVfU^ 


|VF /2 


w {t) 


which, by Lemmas 1C.51 and 1C.41 is consistent with Proposition 12.11 for e and cq sufficiently small. 


6.2.2.2 Treatment of A^LS'l(j, 7 ^, 7 ^) 

All of these terms can be treated in a similar fashion, in fact, j = 3 is the hardest due to the 
regularity losses together with a dz (as opposed to dx as in j = 1). Hence, let us just consider the 
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case j = 3 and omit the others for brevity. Expand the term with a paraproduct, as usual leaving 
the terms with coefficients in low frequency with the remainder, 


NLSlil, = - j A^Q%A^ {{Q%)m{dzUl)Lo) dV - J A^Q^^A^ {iQ%)Lo{dzU^)m) dV 

- I A^Q^^A^ {{Q^^)lo {{{cpz)mdz + {U^)lo)) dV + Sn 

= Shl + Slh + Sti- 


By (I2.49p . Lemma l4. 11 and ()4.29cp (the loss of t is due to the regularity imbalances), 

II /|3o3||2 


Shl < 






which is consistent with Proposition 12.11 for e sufficiently small by Lemma IC.71 
For Slh, we have to be a little more careful. By (I4.3bl) . (I2.45P 


Slh<4^Y. / 


{vtY 

X ( X 


R,NR 


\l'\ 


\kf + \lf + Y-tkf 


\k\ + \r)-kt\ ^ t 

+ X*’^^AU7^,1)AI,{C,1')) A^ALUlYCYYm Low{k - k'- U - l')dridi 


Therefore by (I4.25bp . (14.151) . and (|4.29cp . there holds 


Slh < 


e{tf 

{utT 

e{t) 

{RtY 



V |^/2 

7^ 



A^QW\A^AlU^\\^ 




V|*/2 

w 



AlU^ 


2 


which is consistent with Proposition 12.11 after Lemmas 1C.61 and Lemma 1C.71 

The coefficient error term Sc and remainder term S-ji are both straightforward or easy variants 
of estimates already performed and hence are omitted for brevity. 


6 .2.2.3 Treatment of iVLS'2(i, J, 0, 7 ^) 

Recall (j6.2l) and notice that i 7 ^ 1. These terms are treated in essentially the same way as NLS1{3, Y 
,0) (or A^L51(2, 7 ^, 0)) and hence we omit the treatment for brevity. 

6 .2.2.4 Treatment of A^LS'2(i, j, 7 ^, 0) 

Recall (16.21) and notice that neither i nor j can be 1 in this case. These terms are very similar to 
A^L(S'1(2, 0, 7 ^) and are hence omitted for brevity. 
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6.2.2.5 Treatment of NLS2{i,j,^,^) 


First, notice that i = j = 3 cancels with the NLS terms. The most difficult term is i = 2 and j = 3; 
let us briefly comment on this term and omit the others for brevity. Expanding with a paraproduct 

NLS2{2,3,^,^) = -I ^3 _ tdx)U^)^^ {{dy - tdx)dzU^)m) dV 

- I A^Q%A^dz (((9y - tdx)U^^){dzidy - tdx)U^)Lo) dV 

+ Sci + Sc 2 + Sc3 + Sti^c 
= Slh + Shl + <501 + Sc2 + Sc3 + Stz^c, 


where S-ji^c denotes the remainders and Set denote terms in which the coefficients appear in high 
frequency; these are very similar to many terms we have already treated and are hence omitted. 
The leading order terms are treated in essentially the same manner; the Slh term is clearly the 
harder one, so let us just show the treatment of this one. For LH term we have, by ()4.25p . 




(zyt3) 

X ( X 


k^O'' 

R,NR 


\V\ 


\k'f + \lf + \^-tkf 


\k\ + \r]-kt\ ^ t 

+ X*’^^Al{r],l)Al,{^,l')\ A^/^LUl,{i,l')m Low{k - k' ,t] - ^,l - l')dr]d^ 


< 


dtw 


IV 


s/2 


A + , 

w {t) 


-A^ Q= 


dtw ~o ,o\ 

^^3 ^ II yl3 
w {t) 


A-^j AlU^ 


+ 


et 




\A^Q%\\A^AlU^\\^, 


which is consistent with Proposition 12.11 by Lemmas 1C.61 and 1C.71 


6.2.3 Transport nonlinearity T 

Begin with a paraproduct decomposition: 

= - y A^Q^^A^ (Ulo • dV- I A^Q^^A^ (Um • VQL) dV + Tn 
= Tt + Tr + Tn, 

where Tn includes the remainder (as above in ^5.2.31 we use the terminology ‘transport’ and ‘re¬ 
action’ for the first two terms respectively). There are two interesting challenges here. First, the 
additional was added in (I2.37P because large regularity imbalances caused by would 

have been problematic at high Z frequencies in the in the ‘transport’ contribution. Second, we will 
see that the ‘reaction’ contribution is significantly more difficult and, as predicted in ^2.51 we will 
need to take advantage of the regularity imbalances to close an estimate. 

Decompose the reaction terms based on the X dependence of each factor: 

Tfl = - y A^Q^A^ {{U^)m • (Vgi))^^) dV - J A^Q^A^ {gm • dyiQ^^)Lo) dV 

- y A^Q^A^ {{U^)m • V{Q%)lo) dV 
= Tr-^o + Tr^^ + Tr-^^, 
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and also the transport terms: 


'T't = -I {{U^)lo • (VQ^)ffi) dV- I {gLodY{Q%)Hi) dV 

- I A^Q^A^ [{U^)lo • V(Q^)ffi) dV 
= Tt-^o + 7t;07^ + 


6.2.3.1 Transport term 7 t; 07 ^ 

This term can be treated the same as the corresponding term in T5.2.3I because the velocity field 
is independent of X, there are no regularity losses associated with the regularity imbalances in the 
norm A? - these only occur if one changes the X frequency, as = ^NR,R _ q ^ 

Lemma l4.ll Hence, as above, 




< .3/2 


V^A^Q^ 



A^Q^ 


2 

2 • 


6.2.3.2 Transport term 7 t;^o 

This is one of the terms where it is crucial that we include the ^ correction to the norm. By 

Lemma l4.1l and (j4.23j) . we have by |^, /^| -y^XR <\kt\ ^^XR jg here we are using that regularity 
imbalances only occur for \dz\ < |c/v|)) 


rT;^o<^^E J A^Ql{rj,l)Al{rj,l)\^,l'\Ql{^,nmLow{k,g - - I' 

^^R,N R 


< _ i- 




\k\ + \r] - kt\ 

X \Qoi^,l')Hi Low{k,r]- ^,1- l')dr]d( 


dijd^ 

Alig, ^') + Al{r], l)Al{(, I') 


~ {uty 


^A^ + 


w 


|V|^/2 

~w 


.43 q3 


cl/2 


(l/t3) 


2a 


c43Q3||2^g3/2||y^3g3||^^ 


OII 2 


which is consistent with Proposition 12.11 


6.2.3.3 Transport term 

We will again use crucially that we have the ^ correction to the norm. By (j4.3|) we have 






< 


(l/t3) 

X Low{k — k',r] — ^,l — l')drjd^ 
e 


{ut^Y 


-Y. QlivY) 


^~,R,N R 

+ \rj — kt\^') + AR], l)A?y{^, I') 


X 


k't^^ I + R \i - k't\ + |/'|) 5^(C, l')HiLow{k -k',r]-U- I') 


dr]d^ 


— 4- -I- 
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Note that we have used the inviscid damping on and the inequality 


[/3 


< 


gA./3-2 


eH - (see ^2.7.21) to reduce the power in front of the dy — tdx derivative. Due 

to the gain in \k\ at the critical times from we have 

7^ <-!!!^|U3g3||2 _ei^||^3g3|| ^3g3 

II ^ Il2 ^ II Il2 V L ^ 

which is consistent with Proposition 12.11 for e and (5i sufficiently small. Due to the extra there 
are no losses in the Y term and hence we have 


n-y < _L_ 


A^Q% 


2 ^ (l/t3)2. 


U3Q3||Ve3/2 


which is also consistent with Proposition 12.11 For the Z term we use < \kt\x^'^^ (h 

is here we are using that the losses only occur for 15^1 < |cV| due to the +e^l^l correction) and 
()4.23p to deduce 


z ^ 


dtw Ts V ^3 

^713 + ^^713 Q3 

w {t) 


+ 


" II / 13 /o 3 | 

(l/t 3 )« 11 ^ ^ Il 2 


V^lA^Q^ 


which is consistent with Proposition 12.II 


6.2.3.4 Reaction term Tr;o^ 

Turn first to the easiest, Tr^^. Bv ()2.45cI) and Lemma ITTl we get (also noting (I2.24p h 

[\A^Ql{vJ)AUr^,l)g{^,l')m\Low{k,7^-C,l-l')dCdr] 

f: 

< 

r\j 


^||A“<3|IU|A9||2. 

which is consistent with Proposition 12.11 


6.2.3.5 Reaction terms Tr;^o 

Next consider Tr-^q. In fact, since Qg is the same order of magnitude as Qq, and ^3 < A'^, this 
term can be treated in the same fashion as was done in ^5.2.3.41 Hence, we omit the details for 
brevity. 

6.2.3.6 Reaction term Tr-^^ 

Turn next to Tr-jL^l- This includes terms isolated in ^2.51 as leading order contributions to the 
(3DE) nonlinear interactions (see [1] and 112. 2. ip and these terms are one of the places where we 
will need the regularity imbalances in ^43. As in 115.2.3.51 above, we further decompose in terms of 
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frequency: 




< 


e{t? 


k,k' 


-kk'{k-k')^0 


+ l^y f 1 


kk'{k-k')^0 


+ 


+ 


+ 


e{ty 


.Ej 

1 . i.r 


/ ,q\q— i / ^ / kk'ik /c')7^0 

It' 

.2 U\2 


A^Qlir], l)Al{r], l)Ul, (^, /')m iou;(/c -k',r]-^,l- l')dr]d^ 
A^Qli7j,l)AUr^,l)Uiy^,l')m\Low{k -k',r^-^,l- l')dr^d^ 
A^Qlirj, l)AUr^, l)Ul (?, l')m Low{k -k’,v-C,l- l')dr^di 


■kk' {k—k')t^{) 


y) f 
(utY ^ J 

' ' k,k' 

X Low{k — k',r] — ^,l — l')drjd^ 
^2 /+\3 


A^Qlivy) Al{r],l) + yz{iy')m + (fy{C,l')Hi 


[ 1 


kk' {k—k^)y^O 


kVh^J^kVh^J \ ^y\ 


i(y')Hi) Low{k - k',r] - ^,l - l')dr]d^ 


= Tr.^^ + + Tty + Tr-^^-r. 

Consider Tr.^^, which is one of the terms in the toy model. In particular, we will use the regularity 
imbalance between and to reduce the power of t. By (I4.3dp . 

\3 


.n\rv y I J-A 


Tr;^¥^ ~ / ^k,k',k-k'jtO 

' ' k,k' 


QUv,i) 


1 


wy+ \i'yy-ky 


y yRtll+yjllAUr^, l)Al (^, I') + x*’^^Alirj, l)Al (e, I') 


iW)) 


Ar17|/(^, l')Hi Low{k — k',r] — — l')dr]d^. 


Therefore, by ()4.24ap followed by p4.29cl) . 
\2 


^2 < ^{ty 




w 


{ty 


^~2 IVr^^ ,2^ A rr2 

-A^ + ' A^ AlU^ 


w 


{ty 


+ 


e{t) 


^||^3Q3|y|^2^^^2||^ 


which, by Lemmas IC.6I and 1C.71 is consistent with Proposition 12.11 The term 7 r.^^ is treated in 
essentially the same way (matching the intuition that ~ tQ^ near the critical times) and is hence 
omitted. 

Next, turn to the treatment of 7 r.^^. By p4.3bp we have 

eitf 


7-3 ^ 


k,k' 


■kk'{k-k')^0 


Qtiv,i) 


'dy + \if + y-k'tf 


^ 'PL{. 0+ x'"'-''A±yiiAu„, i)AU(. n 

+ X*’^^AU7j,l)Al{C,n) A^ALlJlyuym Low{k - k',7^ - ^,l - l')dr^dC, 
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which by (j4.24bh and (|4.29cp is 


n 


< 


€{t) 






which is consistent with Proposition 12.11 bv Lemma IC.71 

Finally, turn to and By Lemma l4.ll and (I4.29ap (and Lemma l4.1ip . we have 


'T-Cl I '7-C’2 


11.3^31, ^ IU3^3|,2 , „.^„2 


^3 /+\3 


< 


^ L \\AC\L _ 

{utY 


-\XQX + ^j^\\Ac\\i, 


which is consistent with Proposition 12.II for a sufficiently large, e sufficiently small, and 5 > 0. This 
completes the treatment of Tr;^^ and hence all of T. 

6.2.4 Dissipation error terms V 

Due to the quadratic growth at low frequencies of and the much larger size of e, these terms 
cannot be treated as they were in [3j. However, we will adapt a treatment from [6] which treats 
the critical times with increased precision. Recalling the dissipation error terms and the short-hand 
(I4.36p . we have 

Dr = ly ^ f A^Q\A\ {Gyy{dY — tdx)^Ql + Gyzi^Y — tdx)dzQ\ + GzzdzzQl) dV 
= vl + vl + v%. 

We will only treat V\ and are slightly easier and are hence omitted. As usual, we expand 
with a paraproduct: 


= AXlAl{{Gyy)m{dY-tdxf{Ql)Lo) + AXlAl{{Gyy)UdY - tdxf{Ql)m) dV 

+ iyJ2 [ iiGyyidv - tdxfQD^) dV 

k^od 

= d^E-,HL + d^E-,LH + d^E^Tl- 


As in T5. 2. 41 and [1], we can control the latter two terms by the dissipation; we omit the details for 
brevity. Next, turn to the treatment of By Lemma l4.11 there is some c = c(s) £ (0,1) such 

that 


'^E;HL<^Y1 / XQl{ri,l)AUv,l)Xyi^,l')m{v-C-tkf^X-^^l-l')Lo 

k^od 


drjd^ 


< 


'Y1 [ 

k^O •’ 


■ XNR-,k] 


iw) {ty 


(r? - e - _ i')^^ dr,di, 


— _L 'DkNR 

— ^E-,HL + ^E-,HL^ 


where XR-,k = lteife,„nifc,£l|z|< 41 „|l|i'|<i| 5 | and XNR-,k = 1 - XR-,k is dehned in (gj]). For the non¬ 


resonant term since (t) < (|/c| -|- |^| — kt\) [r] — — I') and \ri — ^ — kt\ < {t) {k,r] — 
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on the support of the integrand by (I4.10p . 


~ ^ X] / ^NR-,k 

k^O'' 




AGyy{^,l')Hi 


<Vt 


iW) {tf 

{V)-^AG {t)-^ V^lQ% 


It follows by (I2.48p . Lemma [4. Ill and (I2.44bp . we have 


V 


< 

rs-/ 


vt 


1\NR 

~ (z/t3) 

uet"^ |logcoe“^ 


< 




PCII 2 y/^A^Q^ 




< e^/V 




+ e'/V 




which is consistent with Proposition 12.11 by the bootstrap hypotheses for e sufficiently small and 
d > 0. For the resonant term we have by Lemma IB . 31 and (I4.29al) (also using that A{^, I') ~ 

A{^, I') on the support of the integrand due to the definition of and Irj — ^ — kt\ < {t) {k, rj — ^)), 


^ XR-,k {\k\ + \ri - kt\y^‘^ 

k^O"’ 


A\R 

^E-,HL 




dr]d^ 


X {tf^ {k, ri - (r? - C - 


AG. 


yy 


Then, by p2.48p . (I2.37p . and p2.4ip . followed by Lemma [4. Ill for some small h' > 0 


< 

rs_/ 


< 


< 


(l/t3)“/2 

v^lHe 


\\A^Q%\^^^ ||71"’3q3||1/2 


AG. 


yy 


(ut^) 


e u 


al2-l 


V-AiA 3 g 3 


j^{V)-^AGyy 


2 

\ w 




..2-5' /j.\4 




2 ^ (zyt3)«-2 1 ^^^2 




W 


{ty 


which is now consistent with Proposition 12.II for 6' and e small. Note that the hypothesis e < zy2/3+5 
with 5 > 0 is essentially sharp for controlling this term. This completes the treatment of and 
hence of the dissipation error terms. 

6.2.5 Linear stretching term L53 

First separate into two parts (to be sub-divided further below), 

LS2, = -2 y A^Q’^A^dxidy - tdx)U^dV -2 j A^Q^A^dx (V’y(9r - tdx) + (pydz) U^dV 


= LS3^ + LSS 


c 
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6.2.5.1 Treatment of LS3^ 
Expand with a paraproduct, 


LS3^ = -2j A^Q^A^dx {{'^y)m{dY - tdx) + {(t>y)mdz) {U^)lJV 

- 2 j A^Q^A^dx {i^y)Lo{dY - tdx) + {<t^y)Lodz) {U^) Hi dV 

-2 J A^Q^A^dx {{i^y{dY - tdx) + (pydz) U^)^ dV 
= LSS^i^ + LSS^h + LS3h- 


The main issue is LS3hl, where the coefficients appear in ‘high frequency’, so turn to this term 
first. By Lemma HT] (|4.29cp . and Lemma [4.111 


LS3%l < 


[ l^^QlivJ) 

eV2 2 e3/2 

< —— + 


e{t) 

{utr 


1 


iU') (t) 


A 


i/jyiCJ') + 4>y{^,l') ) Low{k,r] - i,l -l')di 


{vt^f 


{vt^Y 




which is consistent with ProDosition l2.1l bv ()2.44bl) for e sufficiently small and 5 > 0 (hence e < zy2/3+5 
is essentially sharp here). 

Turn next to the LS3Yhj which is reminiscent of NLP{1, 3,0, Y) iii 115.2.1.11 Indeed, by Lemma 
14.111 (j4.14p . and (j4.29cp we have. 




«E/ 


A^Ql{r],l)Al{r],l) 


k\^-kt,l'\ 


k^ + (k)^ + - ktY 


d^LUliU') 


Low{r] — ~ lYdvdx 


^ Co 


dtw 


IV 


s/2 


——4'^ + 
w + (t)‘ 


-413 qS 


dtw 


IV 


s/2 


w {ty 


A^j AlU^ 






(6.3) 


which, after the application of Lemmas IC.6I and 1C.71 is consistent with Proposition 12.II for e and cq 
sufficiently small. 

The remainder LS3^ follows easily and is hence omitted. 


6.2.5.2 Leading order term, LS3^ 

As in [3], the 2 in the leading order term is crucially important and cannot be altered; it is the 
origin of the quadratic growth of at low (relative to time) frequencies and any alteration would 
cause faster growth and a collapse of the bootstrap. For this reason we have to treat this term more 
precisely. Begin by isolating the leading order contribution: by the definition of (see ()2.13l) and 
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the shorthand ()4.36p ) 


L53° = -2 j A^Q^A^dxidy -tdx)Al^ALAt^Q^dV 

= -2 y A^Q^A^dxidy - tdx)Al^ {Q^ - Gyyidy - tdxfA^^Q^ 

-GyMdy - tdx)U^ - G,,dzzU^ - AtG\dy - tdx)U^ - AtC^dzU^) dV 

5 

= L53°;° + ^ (6.4) 

j=i 


The treatment of LS3^'’^ is essentially the same as in [1]. The only minor difference is that 
one must separate high frequencies in Z from high frequencies of Y when using GKf^. Due to the 
uniform ellipticity in Z, this does not make a major difference and this contribution can be absorbed 
by the existing terms. Divide into long-time and short-time regimes 


L53°-° 


-2 




2 kiv — kt) 

- ndri 

k^ + 1^ + \r] — kt\^ 


^^ 30 ; 0 ,ST , 


The long-time regime is treated the same as in [3] (see therein for a proof), and hence for some 
universal K > 0: 


_^^ 30 ; 0 ,LT < ^^3 


+ 


<5a 


10 (t) 


3/2 




2 K 

2 ^ ^ 


3/^3 


it) 


3/2 




2 

2 ’ 


which, for 6\ sufficiently small and sufficiently large, is consistent with Proposition 12.11 For 
the short-time regime we apply (j4.13l) to deduce for some K > 0, 


^^ 30 ; 0 ,ST < ^-1 



3 


2 

+ 

2 






2 

2 


< Kk-^ 



Sx 

10 




2 K 


A^Q^ 


2 

2 ’ 


which is consistent with Proposition 12.11 for k sufficiently large, <5^ sufficiently small (so that the 
first term is absorbed by GK^) and Kh 3 is sufficiently large. 

Consider the first error term in ()6.4p . LS3^''^^; here we will need a more refined treatment than 
in [3]. Expanding LS3^''^^ gives 


LS3^Yi = _2 j A^Q^A^dx{dy - tdx)Al^ {{Gyy)Hi{dy - tdxfut) dV 
- 2 1 A^Q^A^dxidy - tdx)Al^ {{Gyy)LoidY - tdxfufj,) dV 

-2 J A^Q^A^dx{dy-tdx)Al^{{Gyy){dy-tdx?U^)T^dV 

_ J c,qO;Cl I J c-qO;Cl , j r,Q0;Cl 
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The most interesting contribution is the HL term. By (j2.49l) and Lemma l4.ll we have 


T cqO;C 1 ^ e {ty 


E 


A^QUv.l) 


\r] — kt\ 


1,1',k^O'' 

X Low{k, r] — ^,l — l')d^dr]. 


k^ + l^ + \r]-kt\^') {t) {^,U) 


^Gyy{y,l')Hi 


Therefore, by ()4.15p followed by (I4.29cp . and Lemma 14.111 we have 


- {vt^Y 




W 


{ty 


dtw j 




< 

^ {uty^ 


dtW TO o\ O 

w {t) 


+ 




dtw 


41 + 


IV 


s/2 


W 


{ty 


-A C 


+ 


e(^) 

(^ty 




1 


This is consistent with Proposition 12.11 bv p2.44bp for (i > 0 and e sufficiently small. 
Turn to LS3^£^^, which by Lemma [4.Ill 


LS3%'<e{t)Y/ 


k,l 


A^Ql{r],l)Al{r],l) 


\r] — kt\ 


k‘^ + P + \ri - kt\^ 


{AtC/J) 


Low{rj — i,l — l')drjd^. 


We can treat this term roughly like A^LP(1,3,0,/) on in ^5.2.1.11 by p4.14p and (I4.29cp . 




Co 


dtw 


IV 


s/2 


A + , . s 

w {t) 


-413 gS 


+ Co 


+ e||4l3g^|y|AL4l3c/3||2. 


Idtw 


w 


A^ + 


IV 


s/2 


{ty 


-413 ^ Jj3 


2 

2 


By Lemmas 1C.61 and 1C.71 this is consistent with Proposition 12.11 bv the bootstrap hypotheses. 

The remainder LS3^^ is straightforward and is omitted for the sake of brevity. This completes 
the first error term in (16.4p . LS3^'^^. 

The second and third error terms, LS3^''^‘^ and LS3^''^^, are similar to but slightly 

easier, and yield similar contributions. Hence, we omit the treatment for brevity. 

The last two coefficient errors, LS3^'^'^ and LS3^’^^, are also similar but require a slight ad¬ 
justment. In particular, due to the two derivatives on the coefficients, we cannot gain any powers 
of time from A^ as in the treatment of LS3^'’^^ above. However, this is balanced by the fact that 
there is one less power of dy — tdx- Hence, the above treatment adapts in a straightforward manner 
and so we omit the details for brevity. 

This concludes the treatment of the linear stretching term LS3. 
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6.2.6 Linear pressure term LP3 

As in LS3, we first separate the coefficient corrections and expand with a paraproduct: 


LP3 = 2 y A^Q^A^dzdxU^dV + 2 J A^Q^A^ {{A)Lo{dY - tdx) + {4>z)Lodz) {dxU‘^)Hi dV 

+ 2 j A^Q^A^{i'tjj,)Hi{dY-tdx) + {c^z)Hidz) {dxU^) 

+ 2j A^Q^A^ -tdx) + (pzdz)dxU^)HdV 

= LP3° + LP3^h + LP^hl + LP3n- 

6.2.6.1 Treatment of LP3^ 

As in [3], from ()B.15h . 



The first term is absorbed by the CK^j^ term in (|6.1|) . For the latter term we apply Lemma IC.81 
which yields contributions which are integrable or are absorbed by the CK terms. 


6.2.6.2 Treatment of LP3^ 

Turn hrst to LP3^^, in which the coefficient is in ‘high frequency’. By (I2.49p . Lemma l4. 11 (|4.29cp . 
and Lemma 14.111 we have 


LP^hl < 


{upy 




k,l 


1 


~ (t) {upy 


A^Q%\\AC\\ 


it) 


2 ! 


A 


'yz{iy)Hi + {t) (l)ziC,l)Hi ) Low{k,ri - -l')drid^ 


which is consistent with Proposition 12.11 for e sufficiently small. 

Next turn to which by Lemma 14.111 and (14.3p . is controlled via 


LP3yH<e{t)Y^ / A^Qlir^y) 
k^o,r'^ 


\k\ \C-kt,l'\ 


kP' + {I'Y + IC — ( (cJt) 


A\AlU^),{C, 1 ') Low{rj-C,l-ndv. 


We may treat this in a manner similar to the canonical NLP{1, 3,0, y) on in 1)5.2.1.11 Indeed, 
by (j4.14D and (l4.29cD we have, 


LP39rT < 


HL ^ Co 


dtw 


IV 


s/2 


-I- 

w {tf 




+ Co 


+ e\\A^Q%\\^\\ALA^Ul\\^, 



V|V2 

~W 





2 

2 


which by Lemmas IC.61 and IC. 71 is consistent with Proposition 12. II bv the bootstrap hypotheses. The 
remainder term LP3^ is straightforward and is omitted for the sake of brevity; this completes the 
treatment of LP3. 
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7 High norm estimate on Ql 


As in [1| , the improvement of (j2.43ap proceeds slightly differently than most other estimates we are 
making. The goal is to obtain exactly 0(e (t)) growth, rather than any logarithmic losses in t or e. 
We will deduce an estimate like 

2di ll^^^o|l2 II^^Qo|l2 + co€^2:(t) 

< \\A^Ql\\l + ^ + coe'2:(t), (7.1) 

where X{t)dt = 0{Kb) uniformly in e. This yields the desired bound by comparing X{t) = 

||A^QQ(t )||2 to the super-solution of the inequality given by y(t) = max(|ArHio, 6V2)e+coe‘^ J^I{T)dT 
and choosing cq sufficiently small. Indeed (for Khio sufficiently large), 

dtY{t) = coe^m > Yii) + co6'X(t), 

as the additional two terms on the RHS sum to something negative by the choice of Y (t) (recall 
t > 1). By Lemma [3Tl X(l) < T(l), and therefore by comparison and (I7.ip . X{t) < Y{t) for all 
t G [1, T*). 

Therefore, improving p2.43ap reduces to proving an estimate like (j7.1l) . From the evolution 
equation for Qg, using enumerations analogous to (|5.3p and (|5.2p above, 

2 

2 

- J A^QlA^QldV + u j A^QlA^ (XtQ}^ ~ J 

- I A^QlA^ [Qldp^ + 2dppp^) dV 

- I AplA^ (^Qpp^ + 2djpdlp^)pV 

= -VQl + CKl + LU + VE + To + NLSl{j,0)+NLS2{i,j,0)+X, (7.2) 

where we are denoting 

VE = iy j AplA^ ((At - Ai)Qi) dV. 

As above in p5.3l) and (16.2p . we have decomposed the nonlinear terms based on the heuristics in 

Notice that, due to the X average, the linear pressure and stretching terms both disappear along 
with the nonlinear pressure. Hence the main growth of Qq is caused by the lift-up effect term, LU. 
This term is treated by Cauchy-Schwarz: 

LU < {tp \\Apl\P\Apl\\^, 

which, together with (I2.43cp is responsible for the leading order linear term in (17.11) . It remains to 
see how to control the nonlinear terms. 



2 dt 


\Apl\\l<X 


|V|"/2 Apl 

2 

pA'Ql 


2 

\ W 
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7.1 Transport nonlinearity 
By Lemma [4.101 (with (|2.44cp and (|2.44dl) ) 


To < \\g\\g.,, ||^'Q ^)||2 + \\Ag\\^ \\A^Ql\\l < e'/" ||V^'Q ^)||2 + + ej \\A^QI\\1 , 

which is consistent with Proposition 12.11 for cq and e sufficiently small. 

7.2 Nonlinear stretching 

This term is the analogue of those treated in 115.1.21 and corresponds to the nonlinear stretching 
effects on involving only zero frequencies (the pressure disappears due to the X average). The 
treatment of this term can be made in the same way as the corresponding treatment for in 
^5.1.11 and ^5.1.21 although it is slightly easier here as we are permitting growth on Qq, unlike Qq 
(in particular Aq « {t)~^ Aq). Hence, these contributions are omitted for brevity. 

7.3 Forcing from non-zero freqnencies 

In this section we consider interactions of type (F) (see ^2.2.ip : the forcing of non-zero frequencies 
directly back onto Qq. Recall from (j2.,Sip . 

X=-I A^Q^A^ (444 iuM)Q + 444 {U^U^)q) dV 

-1 A^Q^A^ (444 {uM)o + 444 (t^l4)o) 

= + F^. 

Let us begin with (corresponding to i = 2 and j = 3); the treatment is also essentially the same 
as F^. Note the terms involving are expected to be the worst due to the regularity imbalances. 
Decompose the with a paraproduct; as usual we group contributions where the coefficients 
appear in low frequency with the remainder: 

- E / A^QlAldydydz ((C/4)^, (4) J dV 

- E j dv 

- E / + {c^y)mdz)dYdz (4) J) dV 

- E / my)mdY + {c^y)mdz) dz {{Uh )lo (4) J) dV 

-Y,f A^QlAldydy {{{id,)mdY + {ct>.)mdz) {{uh) lo (4) J) dV 

+ -4.,C 

= d^HL + d^LH + -4l + d^C2 + d^C3 + -4.,C- 
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Turn first to By (j2.49l) . Lemma ITTl (I4.26ap . (|4.17p . and (|4.29cp . 


^HL ~ 




F' E / 

7 7/ I _ Lf\ 




A^Ql{ri,l)Al{ri,l)- 


' - ktf 

X Low{—k, r] — — l')dr]d^ 


ALUl{C,l')m 


< —— 

~ {uFY 


1,1',k^O'^ 


\v\"\l\ 


{ST> 




r,NR 


k^ + {I'Y + - ktf 

^liri, l)Al{(, I') + l)Al{^, I') 


|r| + \r] — tr\ 

X ^ALA^U^{^,l')Hi Low{-k,r] - - l')dr]d^ 


~ (uF) 


+ 




dtw :f 3 


|V|^/2 


^ + /^\s — I 

u; (t) J 


41^ AlU^ 




V^A^Q^ WA^AlU^I 

o " / ' 


which, after the application of Lemmas IC.6I and 1C.71 is consistent with p7.ip for e sufficiently small. 
Turn next to FI^j, which also by p4.3p . p4.17p and (|4.29ap we have 


FIh = 


E 


' ' l,l',kj^0' 


a..,.,. 


A'Q},{ri,l) 


l+5l 


< 


e{tf 

{utT 


dtw |V 


s/2' 


+ 


+ 




w {ty 


k^ + {I'Y + \( - ktY 
X Low{—k, f] — — l')dr]d^ 

A^Ql 


ALA^Ul{^,l')m 




which, after the application of the Lemmas 1C.61 and 1C.71 is consistent with (17.ip . 

The most difficult coefficient error term in (17.31) is F^g. By Lemma [4Tl (I4.29cp . and Lemma 

sm 


Fc3 ^ E / A^QlivY) Al{ri,l)\r]Y 

1,1',k^Q-^ 

ipzii, l')Hi + l')m ) Low{k, r? - - l')dr]d^ 


„ ,5/2 /f\25i 

<e»/^||VVQ;||^+ \\AC\\l 

{vF) 


which is consistent with p7.1l) for cq and e sufficiently small by p2.44bp . The other coefficient terms 
in (I7.3p . and F ^2 easier and give similar contributions. Hence, these are omitted for the 
sake of brevity. The remainder term in (17.3p . Fh is similarly straightforward and is omitted as 
well. This completes the treatment of F^. Despite appearing rather different, in fact the treatment 
of F3 is essentially the same. Indeed, the regularity imbalances are restricted to where \dz\ ^ |9y| 
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and hence, for frequencies where the regularity imbalances are occurring, looks roughly like 
and the same treatment applies. Outside of the regularity imbalances, one simply uses that Ax, is 
uniformly elliptic in Z in the same way non-resonance is used above in the treatment of (see 
^4.11 for more details). As the details are exactly the same as above, we omit them for brevity. 

The other F terms, F^ and F^, are treated as in [4]; F^ is slightly harder. The main idea is 
similar to the treatment of F^ above, however one instead uses (j4.17c|) for F^ (and (I4.17b() for F^) 
and hence deduce 


+ F^ < 


€{t) 


2+^1 


wt^r 




w 


{ty 


w 


dtw TO _,2 \ . ,.9 


(ty 


+ 


+ 


+ 


e(t) 


5i 


(vFy 


e{t) 


Si 


(vFy 


y/^LA^Ql \\A^AlUI 








which, after applying Lemmas 1C.61 and 1C.71 is consistent with O under the bootstrap hypotheses 
for Co and e chosen sufficiently small. This completes all of the forcing terms. 


7.4 Dissipation error terms 


As in [3] , these can be treated in the same manner as the dissipation error terms on Qg were treated 
in T^.1.41 We omit the details for brevity: 


Fe < CqV 


^/^lA^QI +i^e2co'||VAC'|| 


2 > 


(7.4) 


which for cq sufficiently small, is consistent with Proposition 12.11 This completes the high norm 
estimate on Qq. 


8 High norm estimate on 


Consider from the evolution equation for 



- j A^Q^AiQ^dP-2 j A^Q^A^d^xU^dV + 2 j A^Q^^A^dxxU^dV 

+ v j ~ j 

- I A^Q^A^ [Q^dp^ + 2diWdp^ - dx (dfWdp^)] dV 

= -FQIl - CKl^ - (1 + Si)CKl2 + LU + LSI + LPl 
+ Ve + T + NLS1 + NLS2 + NLP, (8.1) 
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where as usual 


^E = j ((Ai - dV. 

We define enumerations of the nonlinear terms analogous to those in (15.31) and (16.2p . 

8.1 Linear stretching term LSI 

As discussed in [3], one of the difficulties in deducing the high norm estimate on is the linear 
stretching term LSI. First separate into two parts (to be sub-divided further), 

LSI = -2 j A^Q^A^dxidy - tdx)U^dV -2 J A^Q^A^dx {{^y){dY - tdx) + icpy)dz) U^dV 
= LSl^ + LS1^. 


8.1.1 Treatment of 

The term can be treated in essentially the same manner as the corresponding LSJf' in (16.2.5.11 

Hence, we omit the details for brevity. 


8.1.2 Leading order term LSl^ 

As in (16.41) of (16.2.5.21 we first expand by writing out A)”^ in terms of A^,: 


= -2j A^Q^A^dxidy - tdx)Al^ [Q^ - Gyyidy - tdxfu^ - GyMdy - tdx)U^ 
-G,,dzzU^ - AiCi(dy - tdx)U^ - AiC^dzC/^] dV 

= L51°’° + V L51°’^h 


The leading order term is treated as in [3] (with the slight variation for large Z frequencies as used 
in (16.2.5.21 abovel. and hence we omit the treatment and conclude the following for some K > 0, 


L51°’0 < (1 - 6,)GKl, + (1 + 6i)GKl, + 

10 



2 K 
H- 

2 K 



+ 


K 


A^Q^4l + K 


l + 5i 
{tft 



2 

2 


which is consistent with Proposition 12.II under the bootstrap hypotheses for Khi^ sufficiently large 

1 

relative to exp(A'(5^ ) (also, k must be chosen sufficiently large, but relative only to a universal 

constant). 

The error terms are treated in a manner similar to the analogous terms in L53 in 

(16.2.5.21 and hence the details are omitted for brevity (indeed A\ is a weaker norm than A| due to 
the extra {t)~^ decay). This completes the treatment of the LSI term. 
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8.2 Lift-up effect term LU 

This follows as in [3], and hence we omit the details: 


LU < ht{t)-^\\A^Q]^\ 


5a 


2 ^ 4(5it3/2 




45f- 


T3/2 


2 ^ A5it 




The hrst term is absorbed by the remaining piece of CKj^^ left over in (18.ip from the treatment of 
LS'l. The others are consistent with Proposition 12.II via (I2.43cl) for large relative to 5]”^ and 

(5^^. Hence, this suffices to treat LU. 


8.3 Linear pressure term LPl 

The linear pressure term LP2> treated in 116.2.6l is significantly harder than LPl here, as here only X 
derivatives are involved. Therefore, from Lemma IB. 71 we get (the implicit constant is independent 
of k). 


LPl <2^ 

(t)-' 




\kY 


< 

r\j 


w 


k"^ + P + \t] — kt\ 

s/2 


A^AlUUtjP) 


dr] 




{tr 


Vl^/2 \ 

A^\alU^ 


|V| ,2 

~ T> 


+ {t)-^ WA^Q^WJA'^AlU^W 


Therefore for k and K}ji^ sufficiently large and cq sufficiently small, this is consistent with Propo¬ 
sition 12.11 by the bootstrap hypotheses after applying Lemmas 1C.61 and 1C.71 


8.4 Nonlinear pressure NLP 

After cancellations, none of the existing terms here are worse than those appearing in in ^5.2.11 
or Q3 in ^6.2.11 Moreover, on we are imposing less control (since is weaker than A2’3 at 
high frequencies due to and the leading derivative is an X derivative, which is generally less 

dangerous than those associated with Y and Z. Therefore, the treatment of the NLP contributions 
here are an easy variant of the treatments in ^5.2.11 and ^ 6 . 2.11 Accordingly, the details are omitted 
for the sake of brevity. 


8.5 Nonlinear stretching NLS 

These terms can be slightly more dangerous than the corresponding NLS terms in 
persistent presence of P^, however, this will be naturally balanced by the allowed linear growth of 
at high frequencies. 


8.5.1 Treatment of NLSl 

Consider first the NLSl{j, 7 ^, 0) terms. Note J 7 ^ 1 due to the zero frequencies (a crucial nonlinear 
structure). The case j = 3 is worse than j = 2 due to the large growth and regularity imbalances in 
Q3. Hence, let us just focus on the case j = 3. As usual, with a paraproduct and group any terms 
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with coefficients in low frequencies in with the remainder: 


NLS1{3, = A^QlA^ {{Ql)m{dzUl)Lo) " E / {{Ql)UdzUl)m) dV 

- E y {{QI)lo {{'4^z)HidY + {4>z)Hidz) {Uq)lo) dV + Sti,C 

= Shl + Slh + <50 + Sti,c-, 


where Sti^c includes the remainders from the paraproduct and the low frequency coefficient terms. 
By (j2.50p . Lemma [4dl followed by (I4.23p . (15.Tp . and (j4.29cp . 


Shl ^ e (i) E 


{t) 


-1 


{W) 


l-5i 


X 




NR 


t 


|r| + \r] — tr\ 


Ai{7^,l)AUC,n + X*''^^Al{r^,l)Al{^,n 


X ^')Hi Low{i] - C,l - l')dr]di 

e{t) 


w {t) 


dtw JO o\ o 

W {t) / 


+ e' 


3/2 


+WV2+./1006V2||^3q3||2^ ^3/2-5/50 


which is consistent with Proposition 12.11 for e and et < cq sufficiently small. 
For Slh we use Lemma \4A \ and (I2.49h followed by (j4.29cp . 


Slh < 


ejtr 

{ut^y 


■E 


A'QUriJ) 






iU') MU') 

A^ (V}U^ 


-l-Si 


(V)2 M U l')mLow{k, v-U-l') 


drjd^ 


which is consistent with Proposition 12.11 for e and cq sufficiently small. Similarly, 


Sc< 


MML 

UT 




2 PC|| 2 < 


el /2 

UT 





£5/2/2 

wr 


pcll 


2 

2 5 


which is consistent with Proposition 12.11 for (f > 0 and e sufficiently small. The remainder terms 
are similar to the above and are hence omitted for brevity. This completes the treatment of the 
NLS1{3Uj^) terms; the other j are simpler. 

Next consider the NLSl{j, 0, /) terms. The most difficult is naturally the case j = 1 (which does 
not cancel); the others are simpler and are hence omitted for brevity. Expand with a paraproduct, 


iVL51(l,0,/) = -E/ {{QDmidxUDLo) dV 

-Y,j A^QlAM{Ql)Lo{dxUl)m) dV + Sn,c 
= Shl + Slh + Sti,c- 
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From Lemma 14.11 and ()2.49p 


Shl ^ 






A^QUriJ) 


{c,n) 


-l-Si 


A^Ql{U')HiLow{r^-U-l') 


drjd^ 


< 

rs_/ 


^llA'OyyiA'QSII,. 


From (j4.3p . p2.50p . and (I4.14p . 


Slh < ei 


<et 


?/ 


A^QUv,i) 


+ {l')^ + I? - kt\ 


ALA^Ul{U')mLow{r^-U-l') 


drjd^ 




Ej . A.,.; 


w 


{ty 




which is consistent with Proposition 12.II bv Lemmas 1C.61 and 1C.71 This completes the NLSl{j, 0, 7 ^) 
terms. 

Finally consider the NLSl{j, 7 ^, 7 ^) terms. All these terms are treated similarly, hence, consider 
just j = 3. Expand as above 


iVL51(3,74,74) = -j {{Q^^)Hi{dzU^)Lo) dV - j {{Q%)Lo{dzU^^)Hi) dV 

-Y^l Tl^Q^A^ {{QI)lo {iyz)Hi{dY - tdx) + {cpymdz) (C/^)lo) dV 
+ S'R,,C 

= Shl + Slh + Sc + S-ji.c- 


For ShLi we have by (I2.49|i . Lemma f4.ll and (I4.29cl) (a power of t is lost due to the regularity 
imbalances). 


Shl < 


e{t) 


Si 


{izt^y 




■kk'{k-k')^Q 




X 


(A) 


l-5i 


l')Hi Low{k -k',rj-^,l- l')d7jd^ 


< 

rs_/ 


et 


12 ’ 


which is consistent with Proposition 12.11 For Slh we have by (I2.43F (14.3F (I4.15p . and (I4.29cl) . 


Slh < 


ejtf 

{vt^Y 




-kk'{k-k')^0 
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\k'\ + \l'\ + \r]-k't\ 


/\LA^Ul,{i,l')Hi 


X Low{k — k',7] — — l')dr]d^ 

e{t? 


- (ut^) 
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{ty 
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e(t) 


^||AV|U|^^A.t/^||, 
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which by Lemmas IC.7I and 1C.61 is consistent with Proposition 12.11 for e sufficiently small. The 
coefficient error terms are similar to those that arise in e.g. NLP{i,j, 7 ^, 7 ^) and are hence omitted 
for brevity (although they require the hypothesis e < zy 2 / 3+(5 ^ ^ remainder terms are 

either easier or similar to the above treatments and hence can also be omitted. 

As discussed above, the remaining NLSl terms are similar or easier and hence are safely omitted. 
This completes the NLSl terms. 


8.5.2 Treatment of the NLS2 terms 

Turn to the NLS2 terms. These terms are all treated via easy variants of the treatments of the 
NLSl and NLP terms. They are hence omitted for the sake of brevity. 


8.6 Transport nonlinearity T 

In this section, we treat the (SI) and (3DE) contributions to the transport nonlinearity, given by 
7^. Begin with a paraproduct decomposition: 

(Ulo • vgi,,) dV- j (um • VgL) dV + Tn 

= Tt + Tr + Tn, 


where Tn includes the remainder. Due to the lack of regularity imbalances in A^, the transport 
and remainder contributions, Tt and Tn respectively, are treated as in ^5.2.31 Hence, we omit the 
treatments and conclude 


TT + Tn<e^/^ y^^A^g^ 


.1/2 


+ 


+ 


A/2 

2a 


l/ol| 


{t) (up) 


A'g 


( 8 . 2 ) 


Turn to the reaction contribution. As in 1)5.2.31 and ^6.2.31 decompose the reaction term based on 
the X dependence of each factor: 


Tr = - y A^g^' • (Vg(,)io) dV- j A^Q^A^ {gmdYiQ^^)Lo) dv 

- I A^Q^A^ • (Vg^)Lo) dV 

= Tr-jLo + Tr-q^ + Tr-jL^. 


8.6.1 Reaction term Tr-^^ 

Bv (|2.45ap and Lemma ITTl we get (also noting (I2.24p i: 



^^;^||A^g^||J|A(7||2 


which is consistent with Proposition 12.11 
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8.6.2 Reaction term Tr-^q 

For this term we use a slight variant of the treatment found in 1)5.2.3.41 Note that Qq is 0{t) larger 
than Qq but < {t)~^ and hence the allowed growth in will balance the extra growth in 
these terms. Therefore, these can be treated in the same fashion as was done in 1)5.2.3.41 Hence, 
we omit the details for brevity. 


8.6.3 Reaction term Tr-^LjL 

This reaction term is slightly different than the analogous terms in T5. 2.3. 51 and ^6.2.3.61 as we are 
not allowing a norm imbalance like in ^6.2.3.61 but instead are allowing a steady linear growth. As 
in T5.2.3.5I above, we further decompose in terms of frequency: 






Consider By (14.3p followed by (I4.15P and (|4.29cp . 
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e{t) 


2+^1 
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k,k' ■ 




A^Ql{r],l) 


+ \lf + 


A^ALUly^,l')Hi 


X Low{k — k',r] — ^,l — l')drid^ 
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- {vty 




w 


{ty 





V |®/2 

~w 



AlU^ 
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which by Lemmas 1C.61 and 1C.71 is consistent with Proposition 12.11 The term is treated in 

essentially the same way and is hence omitted (that A^ < recovers the additional power of 

t from the low frequency factor in 
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Next, turn to the treatment of By Lemma HTTl followed by (I4.24cp and ()4.29cp . 


q-S 
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e 

{vtT 



kk'{k-k')^0 


^^QkivJ) 
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\k'\‘^ + \lf + \^ - k't\'^ 


< 

rs_/ 


E 




r,NR 


X*’^^ I TTT 


1 

¥) 


|r| + \ri — tr\ 

X \A^ALUi>{C,l')Hi Low{k - k',r] - 


e{t) 


l+<5i 


A^Q^\\^\\A-^AlU^\ 


{vt^Y 


t 

(^/ 

- l')dr]d^ 


which is consistent by Lemma IC.71 

The coefficient and remainder terms can be treated in exactly the same manner as in ^6.2.3.6I 
and are therefore omitted for the sake of brevity. This completes the treatment of Tr-^^ and hence 
all of r. 


8.7 Dissipation error terms V 

These terms are treated in the same manner as the corresponding terms in Q^, found in ^6.2.41 The 
results are analogous to those found therein and are hence here omitted for brevity. 

This completes the high norm estimate on Q^. 


9 Coordinate system controls 

In this section we prove the necessary controls on C* and the auxiliary unknown g. 


9.1 High norm estimate on g 

We will begin by improving (I2.44ch . which roughly measures the time-oscillations between Uq and 
and hence measures the time-oscillations of the y component of the shear. From (I2.26P we have 


--r \\M\l 

2(it" 


-CKi -cn-j \\Ag\\l - I AgA {gdyg) dV 
+ f AgA (^Atg) dV-^^. {U_k • dV 

—T^g + 'T + T>e + A. 


9.1.1 Transport nonlinearity 
By Lemma I4.1UI and (I2.44dh , we have 

AA 

r < l|.4s||2 \\g\\^, + IIA 9 II 2 U\g, IIVA 9 II 2 < II Asll" + eS /2 IIV/I 9 III, 

which is consistent with Proposition 12.11 for e sufficiently small, 
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9.1.2 Dissipation error terms 

Recall that the dissipation error terms are of the form 

~ ^ y ^9^ {Gyydyg + Gyzdyzg + Gzzdzzg) dV. 

We may treat these as in [3] (for which we use essentially the same treatment as in ^5.1.41 despite 
the higher regularity of A). Using that approach we have, 

Ve < COE\\VAg\\l + Z. \\Ag\\, ||||V^5ll2 < W^Agg + ||VAC'H^ , 

which is consistent with Proposition 12.11 for cq sufficiently small. 

9.1.3 Forcing from non-zero frequencies 

Analogous to (j2.3ip . by the divergence-free condition we have, 



Consider Fy first. Expand with a paraproduct and group terms where the coefficients appear in 
low frequency with the remainder: 

Fy = -Y.\I ^aAdy {{U\)Lo{Ul)Hi) dV-J 2 ] [ AgAdy {{Ulk)Hi{Ul)Lo) dV 

“X/T [ AgA[{{'ljjy)Hidy + {(j)y)Hidz) {iU^k)Lo{Ul)Lo)) dV + Fy-Ti^c 
k^O ^ 

= Fy-,LH + Fy-HL + Fy.fi -|- Fy-jifi. 


By (j2.49p and (j4.3p 


(t) \g\ {g,lf 


Fy.fiH < 


EE/ \Ag{r],l)\ 




X A^ALUl{^,l')m Low{-k,g - ^,l - l')dgdC. 


By (j4.17l) and (j4.29cp . we therefore have 


Fy.fiH < 


{uFy 


dtw . |V|"/2 A 

A+^-^A\g 


w 


{ty 


+ 


e{tf 

{uFy 


AlU^ 


w 


{ty 


+ e 


3/2 


V-ALAg 


A/2 




\A^AlU^\\1, 


2 ' 

which, by Lemmas 1C.61 and 1C.71 is consistent with Proposition 12.11 for (5i and e sufficiently small. 
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Turn next to Fy-hl- Similar to Fy-iH, we get from (I2.49p . (14.3p . (I4.17p . and ()4.29cl) we get 




t {uFf 




fe^O 1,1' 


|f?| {rjjf \T^, 

Ag ^ A^^LUl{U')Hi 

2 


Low{—k, g — — l')dV 


|VP /2 


w {t) 


+ 


g^2+5i 

Wf 


V |^/2 


^12 , _ 

W (t) 


412 ^^f^2 


+ 


F-Si [vFY 


V^lAq ||4l2Ail7^| 


which is consistent with Proposition 12. II bv Lemmas IC.7I and IC. 6 I The remainder terms Fy-'r.,c are 
similar, but simpler, and and are hence omitted for brevity. 

Consider finally Fy-,c- By (12.491) . Lemma ITTl and (|4.29cp (and Lemma [4. lip . 


Fy -,c < 


< 


gl /2 


^ [\^9{vY)\A(^ipy + {i,l')HiLow{-k,g - -l')dgdi 
1 , 1 ' 


^4-25i 


2a 


\\Ag\\l + ey^\\VAC\\l. 


which is consistent with Proposition 12.11 for e sufficiently small. This completes the treatment of 
Fy. 

Next turn to Fz, which has additional complications due to the regularity imbalances implying 
t/3 has worse regularity than near the critical times. Expand with a paraproduct and as usual 
with terms in which the coefficients appear in low frequency included in the remainder: 

- E I / ^sAdz {{U^.khoiUDm) - E I / iiUh)m{Ul)Lo) dV 


fc/O 




E 7 / {{{'Yz)HidY + {4>z)Hidz) {U^k^l)Lo) dV + Fz-n,c 


k^O 


= Fz-lh + Fz-hl + Fz-c + Fz-ti- 

Consider first Fz-lh-, which is similar to the analogous term above in Fy- Indeed, by (12.491) . (|4.3p . 
gup, and (ITM . 


Fz-,lh < 


t {ilFY 


EE 


1 , 1 ' 


l+<5i 


1) A^A^LUlii, l')m Low{-k, g-U- l')dgdi 


P + {I'f + |<e - ktY 


< 

{vFY 


+ 


dtw ~ \ 

A H ,,,s A ) g 


w 


{ty 


+ 


eF 


{vFY 




w 


{ty 


{uFy 


^/^Ag \\A^AlU^\\^, 


which is consistent with Proposition 12. II for e sufficiently small by Lemmas IC. 6 I and 1C.71 Turn next 
to Fz-,hl, which is complicated by the regularity imbalance in A^ . Indeed, by (12.491) . Lemma ITTl 
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followed by (I4.26ap . (j4.17l) . and (|4.29cp . we have 


Fz-hl < -rr: 




EE / \9ir],i)\ 


\mv,ir 




k^O 1,1' 
NR 


k'^ + {I'y + \c - kt\^ 


^ r| + \r] — tr\ 

X Low{-k,T] - - l')dr]dC 




- (ut^) 


+ 


dtw ~ |V|®/^ A 

^ H- NTg--^ ) 9 


w 


{ty 


dtw 


IV 


s/2 


W {t) 


-713 




y/^Ag \\A^AlU^\ 


which by Lemmas 1C.61 and IC.7I is consistent with Proposition 12.11 for e sufficiently small. The 
coefficient and remainder terms can be treated as in TV; hence these are omitted for brevity. This 
completes the treatment of the forcing terms and hence of the entire high norm estimate on g. 


9.2 Low norm estimate on g 

Computing the evolution of (denoting A^ = (V)"’') from (I2.26p . 

2 


iL|t’ 

2dt 




< aA 




-t^ I A^gA^{gdYg)dV 




+ 


y J A^gA^ dV-t^ J A^gA^ {U^ • dV 


= -CK^^ + T + V + F. 


(9.1) 


The treatment of the transport nonlinearity F and the dissipation error terms in T) are essentially 
same as in the previous section (in fact easier), so are hence omitted. It remains to see why the 
forcing F can treated better at lower regularity. Following the treatments in the previous section 
and 1)5.1.31 we can use the divergence free condition to write 

F = -t^ I A^gA^ (4 + 4 dV. 

The two terms can be treated together. Indeed, by Lemmas 14.91 Lemma 14.111 the bootstrap 
hypotheses, as well as Lemma [CT] and p2.49p . 


F<t^ 


<y 


N 4 .(i + ll4l gA,7+l) (^|4^||gA,7+l ||^7^||gA.3/2+ + || ^ 7 ^ ||gA,3/2+ 11 ^ 7 ^ 11gA,7+l 
11 ^ 7 ^ 11 3/2+ ||^7^||gA,7+l + ||^7^||gA,7+l || ^ 7 ^ ||gA,3/2+) 


\\g^,i 




< 

rs_/ 


£1/2*4 ^ ^7/2*2+24. 


which, for di and e sufficiently small (and d > 0), is consistent with Proposition 12.II 






















































9.3 Long time, high norm estimate on (7* 

Next, we improve (I2.44ap . Computing the evolution equation on C*, (|2.25p . we get 

2 


where 


and 


1 ^ 

2 dt 


A 

|V|"/^ AC* 

2 




2 

V w 


+ u / ACM AiCM dy 


- j A&A {gdyC^) dV + £* 
= -V& + Ve + T + C\ 


Ve = u AC^A {At - A)C* dV. 


= j AC^AgdV - J AC^AU^dV 
£2 = - / AC^AU^dV. 


(9.2) 


(9.3a) 

(9.3b) 


9.3.1 Linear driving terms 

9.3.1.1 Treatment of 

Consider the hrst term in (|9.3ap . For this it suffices to use 

I AC^AgdV < ^ llAC'll^ + | \\Ag\\l , 

which, for Khci 1, is consistent with Proposition 12.11 Ivia integrating factors). 

Turn to the second term in (I9.3ap . From Lemma IC.41 (for some K depending on s,(T and A), 


[ AC^AUUV < — \\AC^ 

J ° “ 2co " 



AC^ 


2 

2 




0 


2 

2 


+ Ke\\AC\\l + ^\\A^Ql\\l + ^ 


Ir/S 


2 

2 ’ 


which for e and cq sufficiently small and Khci sufficiently large, is consistent with Proposition 12.11 
(again, via integrating factors). 


9.3.1.2 Treatment of 

Now consider the case i = 2. The issue here is that we want to propagate higher regularity on C^ 
than we have on Uq due to the regularity imbalance in A?. First we have the following, independently 
of K (see (IB.Sp i. 




|r| + \g — tr\ 




dg, 
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where x* = 1 — Therefore, by Lemma fB.71 and orthogonality, 



This is consistent with ProDosition l2.1l for Kuci S> (using t <Tp < cge"^), cg and e sufficiently 
small and k sufficiently large (the latter relative only to a universal constant independent of all other 
parameters). 


9.3.2 Transport nonlinearity 
By Lemma 14.101 (|2.44dp . and (j2.44el) . 

T<\\AC>\\.^ (||/lC'||j,.„ \\Ag\\^ + ||9||5>„ IIV/IC'II^) 

which is consistent with Proposition 12.II for e and cg sufficiently small. 


9.3.3 Dissipation error terms 

For these terms, as in [4], we may use an easy variant of the treatment in 119.1.21 We omit the 
details for brevity: 

< E PCII 2 \\VAcf^ + \\AC% IIVACII 2 ||VC*||g,,,_i < cgz. IIVTICII^ , 

which is then absorbed by the dissipation by choosing cg sufficiently small. 


9.4 Shorter time, high norm estimate on C® 

The improvement of ()2.44bl) is essentially the same as that of (I2.44ap with a few slight changes. 
From (I2.25p . 


2 dt 






A& 





2 

V w 


+ {t)-^ lA j A&A (AiC®) dv - {t)-^ j AC^A (gdyC^) dV + C 
= -CK2 -{t)~^VC^ + VE + T + C\ 


(9.4) 


where 

Ve = {t)-^ f AC^A (^{At - A)C®) dV 
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and 


£} 


{t)-^ j AC^AgdV - {t)-^ j AC^AU^dV 
j AC^AU^dV. 


(9.5a) 

(9.5b) 


The only real difference between the estimates (I2.44bp versus (|2.44al) is in the linear driving terms 
T*. Hence, we omit the treatment of T and T^e, as these can be treated in essentially the same 
manner as in the improvement of (j2.44a|) . 


9.4.1 Linear driving terms 

9.4.1.1 Treatment of 


Consider first the case i = 1. By Cauchy-Schwarz, 


{*)-"! AC^AgdV < j4-j 1 Mslli < + \CKI 


Hence the first term is absorbed by the CK^’^ term in (19.411 whereas the second term is controlled 
by (l2.44cD and hence this is consistent with Proposition 12.11 provided Khc 2 is sufficiently large. 

Consider the second term in (I9.5ap . By a similar argument but now applying Lemma IC.41 we 
have for some K > {), 


- (t)-^ j AC^AU^dV < 


t 


< 


10 (t)^ 
t 


\AC^ 


+ i 




UcTo + 


K 

V) 


\A^Ql 


|2 K 


|rr 2 | 

TO 


+ 


'W 




Hence for Khc 2 sufficiently large relative to Khci-, this is consistent with Proposition 12.11 for cq 
and e sufficiently small. 


9.4.1.2 Treatment of C? 

As in ^9.3.1.21 we have (again defining x* = 1 - ^t£ir,r,)^ 


AC^AU^dV<{t)-^Yl J \CHV,1)\ 

X ivJf dr] 


|r| + \r] — tr\ 


Mv, l)Al{ri, 1) + x*A{ri, l)Al{r], 1) 








^1.61.,., (V)^ A^US 


+ {t)-^\\AC^\\^ {VfA^U^ 
= Ti+T2. 
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To treat the first term we use orthogonality and Lemma IC.SI to deduce the following (where K \s a, 
universal constant depending only on A and s and differs from line to line), 




-2 


dtw 


< - {t)-^ 
“ 10 ' ' 


w 


dtw 


w 


AC^ 




+ K 


+ K 




dtw „ |V|"/2 ^3 

+ Q3 


+ 


K 


it) 


2suU^\\l + Ke^ 


dtw 


A 


w 


w 

|V|^/2 

~w 


{ty 


A C 


which is consistent with Proposition 12.11 for cq and e sufficiently small together with K}jc 2 ^ 

Turn next to T 2 , which is treated in the same manner as the second term in (I9.5al) (where K is a 
universal constant depending only on A and s and differs from line to line), 


T 2 < 


< 


4 11^^ \\2+2t 


w{t) 

t 


(V)^ 


_ ildr'^ll^ 4- — 4- — 4- 


< 


‘ ii^ciii ++ 


r3||2 

0 II: 

AKnciKe^ci 




2^2 
0 


10 (F" (t) (t) 

which is sufficient provided cq and e are chosen small and K^ci ^ ^H 3 - 


9.5 Low norm estimate on C 

The improvement of (|2.44ep estimate is an easy variation of that applied to improve (I2.44al) and 
()2.44bp except one uses the super-solution method discussed in ^ used to improve (I2.43ap . 


10 Enhanced dissipation estimates 


In this section we improve the enhanced dissipation estimates (I2.45p . A recurring theme here will 
be the gain in t from Lemma IC.21 when dx derivatives are present, a kind of “null” structure. 

10.1 Enhanced dissipation of 

We begin with Q^. Computing the time evolution of we get 


lA |U^;3n3||2 < A 

2^J|A y||2<A 




2 2 

2 t 




2 


2 

V WL 


+ G’' 


-2 j A'^'^Q^A^’^d^xU^dV+ 2 j A’'’^Q^A’^’^d^zxU^dV 

+ 12 j A^'^Q^A'^'^ (AiQ^) J 

- j A’^'^Q^A’'’^ [Q^dp^ + 2djWdp^ - 4 {djWdp^)] dV 
= - CKp + G'' 

+ LS3 + LP3 + Ve + T + NLSl + NLS2 + NLP, 


( 10 . 1 ) 
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where we write 


Ve = v j {KtQ^ - AlQ3^ dV, 


and 


G'' = a 


J A‘'’^Q- 


min 1, 


(Vy,i 


t2 


AWIvr {D{t, dy)r-^ dY)Q%dV. 


First, we need to cancel the growing term in (jlO.ip using part of the dissipation term T). As in 
[3] (and essentially [6]), 


G'^ -u 




< V 


V 

< — 


fc^O i ^ 

\/^A"’3q3 


-\l\^-\r]-kt\^\ A'''''^Ql{i^,l) dr] 


Next we see how to control the remaining linear and nonlinear contributions. 


10.1.1 Linear stretching term LS3 

First separate into two parts (to be sub-divided further), 


LS3 = -2 y A^''^Q^A‘''^dx{dY - tdx)U^dV -2 j A'^'^Q^ A^’^dx - tdx) + (^ydz) U^dV 


= L53° + LS3^. 


Turn first to LS3^. By (jA.4jl . (jl.lOj) . Lemma fC.21 and Lemma [4.Ill 

LS3^ < 


||G||gA./5+3.+4 ||A"’3C/3 


< 

r\-i 


2 {t) 


< .3/2 




( 10 . 2 ) 


which is consistent with Proposition 12.11 for e sufficiently small. 

For LS3^ we proceed similar to the high norm estimate in ^6.2.5.21 As in (16.4p . we expand 
AlA,-!: 


LS3° = -‘^ j A'^’^Oxidy - tdx)^l^^L^T^Q^dV 

= -2j _ tdx)^t [Q" - Gyyidy - tdxfu^ - GyMdy - tdx)U^ 

-G,,dzzU^ - AtG\dy - tdx)U^ - l^tG^dzU^] dV 

5 

= L53°’° + LS3°’^\ (10.3) 

i=l 
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The leading order term is treated as in [3], hence we omit the details and simply state the result; 
for some K > 0, 


L53°’° < CKj '^ + 


Sx 


W{t) 


^12 




+ 


K 






{t) 


3/2 




which is consistent with Proposition 12.II provided is sufficiently large relative to and 6 x- 

Turn to the first error term in (jl0.3l) . which by (|4.8ap and /3 + 3 q: + 6 < 7 is controlled 

via (using also Lemma l4.1ip . 


< 2 \\A’'’^dx{dY - tdx)Al^ {Gyyidy - tdxfU^) 

^ ^ \\Gyy\\g>^.-. ^ i^yyidy - tdxfU^^) \ 


it) 


< ^ \\A^AlU^\\^ + ^ {Gyyidy - tdxfu^) II 2 . (10.4) 


The first term is controlled via Lemma IC. 71 To control the second term we use ()4.41l) and Lemma 

am 


(i) 


{Gyyidy - tdxfU^)\\ 


2 - 11^ ^ I 


< 




JC\\gy,\\A-^’^idy-tdxfU^\\, 

\A''’^idy-tdxfU^\\^. 


By (IC.3p . this is consistent with Proposition 12.II for cq sufficiently small. All the other LS3^''^^ error 
terms are controlled similarly and are hence omitted. 

This completes the treatment of LS3^. 


10.1.2 Linear pressure term LP3 

Begin by separating out the contribution of the coefficients, 

LP3 = 2 y A’^’^Q^A'^’^dxdzU^dV + 2 j A’^’^Q^A'^’^dx {ii^.)idy - tdx) + i<P.)dz) U^) dV 
= LP3° + LP3^. 


As in [1], Cauchy-Schwarz and (jB.15p . 

V 

which is consistent with Proposition 12.11 for k sufficiently large, cq sufficiently small, and Ked 3 ^ 
Ked 2 by Lemma rC.3[ 

The coefficient error term, LP3^, can be treated in the same manner as LS3^ above in (I10.2p 
and yields similar contributions. Hence we omit the treatment for brevity. This completes the 
treatment of the linear pressure term LP3. 


LP3° < 


2k 


\ Wl ^ 


+ 


2k 
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10.1.3 Nonlinear pressure and stretching 


Due to the regularity gap /3 + 3a + 12 < 7 and (I4.40p . the presence of the coefficients from the 
coordinate transform will not greatly impact the treatment of these terms. Moreover, Lemma IC.21 
shows there is not a significant difference between dy — tdx and dz derivatives when making many 
estimates. Hence, for simplicity we will treat all NLS and NLP terms as if there were no variable 
coefficients. As in [4], we will enumerate the terms as follows for i,j S {1,2,3} and a,b £ { 0 , 7 ^} 


NLPiiJ,a,b) = I A^-^^Q^A''-'^dWjUid\ui)dV (10.5a) 

NLS2{i,j,a,b) = j A’'’^Q^A''’^{dpldjdp^)dV. (10.5c) 

We will use repeatedly the inequalities 

A^’^ < ( 10 . 6 b) 


10.1.3.1 Treatment of NLP{i,j,0,^) terms 

Recalling, (I10.5p . note that by the usual null structure, we have i / 1. By (14.401) 

NLP{i,j,^,0) < 

From Lemma IC.21 we see that the loss of t if i = 1 on the third factor is balanced by a gain of t on 
the second. On the other hand, if z 7 ^ 1 then there is no loss of t on the last factor but a loss of t 
on the second. Therefore, after Lemma IC.21 we get 


NLP(i,j,^,0)<e\\A‘'--^Q^ 





which is consistent with Proposition 12.11 for cq sufficiently small. 


10.1.3.2 Treatment of A^LiS'l(j, 0, 7 ^) terms 

Next turn to the treatment of the A^LS'l(j, 0, 7 ^) terms (recalling (jl0.5p ). which by (I4.4njl followed 
by (jC.ip (noting a above that when j = 1, the loss of t from the second factor is balanced by a gain 
of t on the third factor), 


NLSl{j,0,^)<\P’P^ 


Qi 


g\,^+3a+4 




< 


it) 


|A"i3Q3|U||^.;3g3|j^^|j^3g3|jO 


which is consistent with Proposition 12.II for cq sufficiently small. 


10.1.3.3 Treatment of iVLS'l(j, 7 ^, 0) terms 

Next turn to the treatment of the NLSl{j,^,0) terms which by (I4.40p followed by (IC.ip (noting 
that i 7 ^ 1 ), 

iVL51(j,A0) < 

which is consistent with Proposition 12.11 for cq sufficiently small. 
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10.1.3.4 Treatment of NLS2{i,j,^,0) terms 


From (jlO.Sp we see that that neither i nor j can be one. Therefore, similar to ^10.1.3.21 we get by 

(oni) . 


NLS2{i,j,^,0) < — (ll^"’'Q'll2 + 

which is consistent with Proposition 12.11 for cq sufficiently small. 


10.1.3.5 Treatment of NLS2{i, terms 

Next turn to the treatment of the NLS\{i, terms, where now notice that i cannot be one 

but j can. However, if j = 1 then we will gain a power of t on dxU^ using Lemma IC.21 Therefore, 
it follows from (|4.40p and Lemma IC.21 that. 


NLS2{i,j,0,^) < e||H"’V||2 {\\A^QU2 + 11^"’V| 


10.1.3.6 Treatment of A^LP(z,j, 7 ^, 7 ^) 

Notice that we will lose a power of t from if j or i is one, but in this case we would lose one less 
power of t in Lemma IC.21 due to the presence of X derivatives. Hence regardless of the combination 
of i and j, we will gain at least one power of t Therefore, from (I4.4ip . 


iVLP(z,j,7^,7^)<|M";3g3| 






~ {ut^Y 




II ,^;3z^3ll ^ €(t) II ,^;3^3||2 , 6^ (t) 

',.j.9.\OL 11 ^ ^ II 9 rv-' /,.j.R\Ot l]-^ W II 2 


- {utY 


'2 (zyt3)« ir- 112 ' 

which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.3.7 Treatment of iVLS'l(j, 7 ^, 7 ^) 


These terms are all treated in essentially the same manner. Indeed, using as usual that j = 1 loses 
a power of t from A'^'^ but gains a power from Lemma IC.21 we get from (I4.4ip and (jC.ip . 

NLSl{j, Y, Y) < \\A'''’^Q% WA^’^'Q^ WA'^'^dplh 


{vtY' 

it) 


^ {vtY" 


+ 11 ^^ 0112 ) 


which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.3.8 Treatment of NLS2{i, j,Y,Y) 

The treatment of NLS2 is essentially the same as NLP, using again that the losses and gains 
balance regardless of the combination of i and j, we get from (I4.4ip and Lemma IC.21 

NLS2{i,j,Y,Y) < vi \P'’P% \P’%U^\ 


















































which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.4 Transport nonlinearity 

Divide the transport nonlinearity: 

r = - y {gdvQ^) dV- J (u^ ■ VQ^) dVJ A‘'’^Q^A’^’^ (u^ ■ VQ^) 

= 7b + 7^0 + 7^^ 

Consider first To- By (I4.40p and \t]\ < \t] — kt\ + \kt\ < (t) {\r] — kt\ + |A:|), 

1 /2 o 


To < ||^"’'Qi2 IItIIsa,. it) 


where the last line followed from both (j2.44dl) and (I2.44cl) . Hence, for e and cq sufficiently small, 
this is consistent with Proposition 12.11 
Turn next to 7^0) which reads 


r^o = 




By (14.401) . Lemma 14.111 and Lemma IC.21 we have 


which is consistent with Proposition 12.II 

Turn next to 7^^, which is the most subtle contribution. This is written 






(1 + 'lpy)U^ + IpzU^ 


\\{i + ^z)u^ + cj)ya 
By Cauchy-Schwarz, (j4.40p . Lemma [4.111 and (I4.41jl . we get 

(i) 



dxQ% 

[dy — tdx)Q^ 
dzQl 


dV. 




-AlA^'^Q^ 


note the extra precision applied to the treatment of . By 




AT’^iri,!) 


it) 




(5l AU:1 


(;fl) 


(10.7) 


it follows that 


(t) 




it) 


2+^1 


+ ^ + t\\A-’^uW\A-’^Q% 


dV 
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Applying from (|4.8b|) to the t ||A'^’^(5^||2 hr the last factor and Lemma fC. 2 1 to all factors (also (I2.45h 
with (I2.43p ) it follows that, 




1 


2 

+ \\A''’^Q% (||^"’'Q'||2 + U^QU2) II 

+ ^ + U'Q'42) (II 

"A"’3q3||^ (||y^A"’3Q3||^ + 


- (Ut^) 
< .3/2 


_ 2 cl/2+2(5i „ ,3/2 

+ -pr +pr ■ 


which is consistent with Proposition 12.11 for e, (5i, and cq sufficiently small (also 5 > 0). 

10.1.5 Dissipation error terms 


The dissipation error terms are easily absorbed by the dissipation as in using (14.401) together 
with the regularity gap between A’^’^ and the coefficient control in (I2.44ell . We hence omit the 
treatment for brevity. 

10.2 Enhanced dissipation of 

The enhanced dissipation of is deduced in a manner very similar to Q^, however, since we are 
imposing more control on Q^, some nonlinear interactions must be handled with more precision. 
Computing the time evolution of we get 


2 dt 


U "’ 2 q 2||2 < ^ 




2 1 
2 t 






2 


2 

V WL 

2jy,2 

(u • dV 

-4 

{djWdp^)] dV 


+ G'' 


= - CK‘[’^ + G'^ +Ve + T+ NLSl + NLS2 + NLP, (10.8) 

where as in UlO.ll we write 

Ve = V j A'^’2g2^^;2 (^^^q2 _ ^^g2^ 

and 

G‘' = a j min (^1, (V)^ {D{t, d,)QldV. 

As in f|10.ip we have 


— lA 




2 1 / 
+ < — 
2 - 8 
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10.2.1 Nonlinear pressure and stretching 


In this section we treat NLSl, NLS2 and NLP. As in ^10.1.31 for simplicity we will treat all NLS 
and NLP terms as if there were no variable coefficients. We also recall the following enumeration 
from [1], for i,j G {1, 2,3} and o, 6 G {0, 7^} 

NLP{i,j,a,b) = j A’^’^Q'^A^'^di^{dpidjui)dV (10.9a) 

NLSl{j, a,b) = - j dV (10.9b) 

NLS2{i,j,a,b) = j A'^'‘^{d\uid\d]p)dV. (10.9c) 

We will use repeatedly the inequalities 

(10.10a) 

jSV-,2 < (10.10b) 


10.2.1.1 Treatment of NLP{i,j,0,^) terms 

This includes terms identified in ^2.51 as requiring that grow linearly at low frequencies, and we 
will see that we will need this in order to estimate these terms. By (j4.40jl . 


NLP{i,j,0,^) < ||«7^||gv/3+3.+5 

With (|C.2h in mind, the power of t lost from the derivatives or j = 1 together is at most two and 
the powers of t lost from the possibility that j = 3 is also at most an additional one (also note 
j 7^ 1), so at worst we get from Lemma IC.21 (which recovers the powers of time), and ()2.50p . 


NLP{i,j,0,^) < e||A"’V||2 

< 6^/2 ||7i-;2Q2|j2 ^^ 3/2 


For e sufficiently small this is consistent with Proposition 12.11 for times until t ~ e i/2+^/ioo_ 
this point we can apolv (|4.8bl) to the first term and deduce 

1/2 


2 V 


+ 

2 



5/50 


2 

2 




+ e3/2 ^ 

.)■ 



(10.11) 


which is consistent with Proposition 12.11 for all time for e sufficiently small. 


10.2.1.2 Treatment of A^LS'l(j, 0, 7 ^) terms 

These terms are straightforward by (14.401) . (12.431) . and (jC.ip : we omit the details and conclude 


iVL51(j, 0 , 7 ^) < ^ (||^"’V ||2 + \\APU 2 ) • 
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10.2.1.3 Treatment of NLSl{j,^,0) terms 

Due to the nonlinear structure, j ^ 1. Hence, the worst possibility is j = 3, where at most one 
power of time is lost - notice that this also depends on the linear growth at low frequencies of . 
Hence, this term emphasizes this important difference with in- Hence, by (I4.40p . (|2.50p . and (|4.8bl) . 


fVLSlO-,/, 0 ) < e + \\A^Ql\\^ 


By applying p4.8bp for t > e i/ 2 +<i/ioo g^g (HQ,ill) , this is consistent with Proposition 12.11 for e 

sufficiently small. 


10.2.1.4 Treatment of NLS2{i,j,0,^) terms 

These are treated similar to the analogous A^LSl terms in lHU. 2 . 1.21 yielding the following 

NLS2ii,j, 0, /) < 6 + ll^'Q^II^), 

which is consistent with Proposition 12.11 for cq sufficiently small. 


10.2.1.5 Treatment of NLS2{i,j,^,0) terms 

Again, due to the nonlinear structure, j / 1 and f 7 ^ 1. By (|4.4UI) . 


iVL52(f,i,7^,0) <|U";2g2 




g\,/3+3a+7 • 


The worst case is j = 3 and i = 2, however, even in this case Lemma IC.21 recovers all of the time 
losses due to the permitted linear growth in (also applying (|2. 501) 1: 


iVL52(f,i,/,0) < e|U'^’2g2|| nuu-jQju 






which is consistent with Proposition 12.11 for cq sufficiently small. 


10.2.1.6 Treatment of A^LP(i,j, 7 ^,/) 

Turn next to the nonlinear pressure interactions of two non-zero frequencies, which requires a careful 
treatment. First, observe that the case i = j = 2 cancels with the NLS2 term. By p4.4ip . 


iVLP(z,j,7^,7^) 

+ 


u:2r^2\\ (0 


2 

^V)2-/3 


^V)2-/3 A'^’‘^dpi 




\\A-’PW42 




+ \\A^'^dYdjp\\^ J. 


Each combination of i and j can be treated in a rather similar manner, each time using (I4.4nj) 
and Lemma (0.21 As could be expected, A^LP(1,3, 7 ^, 7 ^) and A^LP(3,3, 7 ^, 7 ^) turn out to be the 
hardest. Let us focus on the case NLP{3, 3, 7 ^, 7 ^) and omit the easier cases for brevity. Note that 
the inverse derivatives can recover losses associated with dz but not dy — tdx- They will also still 
work when considering 5^ = (1 -|- 4>z)dz + 'Yzidy — tdx), since it will introduce 0{et^) powers that 
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are absorbed using ^ ~ 1- Hence, we can continue to ignore the coefficients. By Lemma 

IC.2I and (j2.45p there holds, 


iVLP(3,3,/,^)<||H"’V 
+ 

< 


{tr 


2 

e{t) 






{ut^Y 


(1 + eY) \\A^’^Q\ (llH'^’Vlla + > 


which is consistent with Proposition 12.11 for e sufficiently small. The other terms can be treated 
with a simple variation or easier arguments and are hence omitted. 


10.2.1.7 Treatment of A^LiS'l(j, 7 ^,/) 

By (I4.4ip . (IC.ip . and (I2.45p . we have the following (e.g. consider the worst case of j = 3), 


NLSl{j,Y,Y)< 

< 


it) 

e W 
i’^tT 


A^<^Q\(\\A’^’^Q\ + \\A^Ql\\^'j 


which is consistent with Proposition 12.11 


10.2.1.8 Treatment of NLS2[i,j,Y)Y) 


First, note that the i = j = 2 term cancels with NLP. For the remaining terms we again apply 
(14.4111 to deduce 


NLS2[i,j,Y.Y)<U^'‘^Q 


Y) 


{vpy 




\A^'^'^d\jUl\ 


The most problematic term is j = 3, z = 2; however by (1C.Ill and (I2.45p . 


NLS2{2,3,Y,Y) < -0^ ||^"’V||2 + Il^'0ll2) ’ 

which is consistent with Proposition 12.11 for e sufficiently small. The other cases can be treated 
similarly and are hence omitted for brevity. This completes the treatment of all of the nonlinear 
pressure and stretching terms. 


10.2.2 Transport nonlinearity 

These terms are easier than the analogous terms in ( 110.1.41 As noted in [4], this is consistent 
with the observation that the so-called “reaction” terms are stronger in than (note that 
reaction terms are included in the toy model in ^2.51 but the reaction terms are not; see [4] for 
more information). Write the transport nonlinearity as 

r = - y A'^’2g2^t.;2 (^gdyQ^^) dV - j A‘^;2g2^^;2 . yg2^ 

- j A^’2g2^i.;2 . yg2 ^ 

= To + 7^0 + 7^7^- 
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As in ^10.1.41 we have 


{t) 2 

Similarly, we can treat T^o we did in 1110.1.41 (I4.40p . Lemma 14.111 and Lemma IC.21 we have 

T,„ < (\\A‘-^VX + llA-^i,) II 

~ + IM'eJIt + <*> + 

which is consistent with Proposition 12.11 
For 7^^, we get from (I4.4ip . 

S WA'-XX,-^ (\\A-^V\ + IX-Vl + WA-’Vl) \\V^A‘'X- 


< 


||A^^2g2 


(t) 


- ir- - 112 


i+5i ||A^’^C/1||2 + ||A^'2[/2||2 + (t) ||A^'3[/3|n y/^A^A'^’^Q 


< 


||A^^2g2 


£{«)* 


-ir- - 112 




< .3/2 




+ 


7/2 (t) 


2^1 


2 (l/t3^ 

which completes the treatment of 7^^- 


2o 




10.2.3 Dissipation error terms 

As in ^10.1.51 these terms are treated in the same manner as the analogous terms in [6l 0]; the 
details are omitted for brevity. 


10.3 Enhanced dissipation of 

Computing the time evolution of || H^, we get 


1^ 

2 dt 


y;l^l||2 



2 

+ G^- 



2 

V WL 


{tf '' ^ t 


2 


- j -2 I A'^'^Q^A''’^d^YxU^dV 

+ 2 J A^’^Q^A’^'^dxxU^dV + 1 ^ J A^’^Q^A^’^ (^AtQ^^ dv 

- j A'^dQi^^d {u dv 


- I A'^dQij^u;! + 2djWdjjU^ - dx [dlU^dp^)] dv 

= -VQ^'d + G^ - CKp - (1 + 6i)CKp 
+ LU + LSI + LPl + Ve + T + NLSl + NLS2 + NLP. (10.12) 
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where is analogous to the corresponding term in (llO.ip . As in ^10.11 is absorbed by using 
the dissipation. Note that for i G {2,3}, 

(10.13) 


10.3.1 Linear terms 


The treatment of LU and LSI can be made analogous to the linear terms treated in ^10.II combined 
with the tweak introduced for the improvement of (I2.43bp in 1)8.21 We omit the details for brevity 
and conclude for some X > 0, 




5a 




= + ^CKf + + 


K 


+ 


K 


K 








and, 


LSI < (1 + 5i)CK'^£l + (1 - 5i)CK^’^ + 






5a 


10 (t) 


3/2 






+ 


{ty 




+ + 3/2 

(t) ps-i /^\3/2 


\A‘'''Q'\\l + e II Ai.4''-‘Ci|| , 

-X W'- ' 

which, after Lemmas 1C.71 and 1C.21 are both consistent with Proposition l2. II provided Kedi is chosen 
large relative to both Ked2 and Khi (and 5x, 5 ^^, K and universal constants). 

Next consider the linear pressure term LPl. We may directly apply Lemma lC.2l to deduce 

LPl < 2 ||A"’3q1||2 \\dxxA''’^U^\\^ < (t)-3 ||A"’iQi||2 {\\A'^’^QI\\^ + ||^'Q'^||2) 


1 


u-Ar^iw'^ , '^ + KeD2^2 


which is consistent with Proposition 12.11 via integrating factors provided Kedi Ked2- 


10.3.2 Nonlinear pressure and stretching 


These terms are treated in essentially the same manner as in 1)10.1.31 we only briefly sketch a few 
terms. We use enumerations analogous to those employed in (110.91) . 


10.3.2.1 Treatment of NLP{i,j,0,y) terms 

Notice that in this case J / 1- From 04.40)) . Lemma fC.21 and O2.50p . 

NLP{i,j,0,y) < ||A"’'Qi||2 WA’^’^dxdlum^ ||C/,)||gv/3+3.+5 < 

10.3.2.2 Treatment of NLiS'l(j, 0, 7 ^) terms 
From ()4.40p . Lemma IC^ and ()2.50p . 

NLSl{j,0,y)<\\A‘^-^^Q\ Ql 


A"’^Q^||2+ A>Q 
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10.3.2.3 Treatment of NLSl{j,^,0) terms 

Note in this case that j / 1- From ()4.40p . Lemma fC. 2 1 (I4.8bl) . and (|2.50p 


NLSl{j,j^,0) < ||A"’V||2l|^"’V||2l|t/o||gA./.+3«+5 

< e3/2 + \\A^QUI) + W’^Q^Wl ’ 

which suffices for t < £-i/ 2 +< 5 /ioo^ after which we use again ()4.8bp to deduce 
A^L51(j,/,0) < 6^/2 +e3/2-V50 |^|| 

which is consistent with Proposition 12.11 for e sufficiently small. 


+ 


A^Q 




10.3.2.4 Treatment of NLS2{i, terms 

From p4.40p . Lemma IC^ and p2.50p . we have 


fVLS2(z,j,A0)<|U"’'QM 




u< 


0 ||gA,/3+3a+6 


<e\\A''’^Q%(\\A''-’^Qm,+ A^Qi 


10.3.2.5 Treatment of NLS2{i, j,0,^) terms 

From p4.40p . Lemma IC^ and p2.50p . we have (noting that i 7 ^ 1): 


NLS2{i,j,0,j^) < 




gX,p+3'y+5 


< 


A^’^Q^\\J\\A^’^Q\ + \\A^Q^^\\ 


Notice that we again used the structure which for j = 1, balances the loss of (t) from the third 
factor with a gain of {t)~^ from the second factor. 

10.3.2.6 Treatment of NLP{i,j,^,^), NLSl{i,j,j^,^), and NLS2{i,j,^,^) 

The nonlinear terms involving two non-zero frequencies can all be treated in essentially the same 
manner as in in ^10.1.3.61 1)10.1. 3. 7l and 1)10.1.3.71 We omit the treatments for the sake of brevity. 


10.3.3 Transport nonlinearity 

The transport nonlinearity, T in 010.121) . can be treated in the same manner as the transport 
nonlinearity in ^10.1.41 We omit the details for brevity. 


10.3.4 Dissipation error terms 

The dissipation error terms can be treated in same manner as those in ^10.1.51 and [H |4] , and hence 
we omit the details for brevity. This completes the enhanced dissipation estimate on 


104 



































































11 Sobolev estimates 


In this section we improve the estimates in (|2.46|) . which are more straightforward than the 
analogous estimates proved in [1] (the main challenge in [1] was getting good decay properties for 
t > 1 ^“^, which is irrelevant here). As in [3], these estimates are performed in the coordinate system 
given by (A, y, z); see ^ In Lemma 13.21 the a priori estimates from the bootstrap hypotheses in 
these coordinates are given. The estimates are performed on (j3.1j) and then transferred back to the 
(A, y, Z) coordinates. Indeed, as long as the C* remain small, the coordinate change is uniformly 
bounded in Sobolev regularity, and hence by suitably adjusting the constants in (I2.46jl . one can 
prove these finite regularity estimates in whichever coordinate system is most convenient (see [3| 
for more details). 

11.1 Improvement of fl2.46cl) and fl2.46bH 

These estimates are best proved together using a standard energy method. Recall the notation 
uo = {ul.ulY' . From dST]), 

llVuoll^,' - J (V)'^' {Vy' (ul • djulj dydz 
- j {Vf dydz + J (V )^'{vf Tdydz 

= —z/IIVuoll^o-' + T + V + J-. 

For the transport term T, we use integration by parts (and the divergence free condition) to intro¬ 
duce the following commutator: 

T = j {vf 4 (uo • V (V)"' 4 - (V)"' (uo • V4)) dydz. 

Treating this commutator is by now classical and, in particular, by using that for |ry, l\ ~ |^, /'|, 

-{wy' ^ 

one can show that 

^ ~ ll^^o||/zi+ ll^oll/fo-' T ll^oll^o-' ll^oll/fo-' ll^^o||/zi+ 

^ II II II i 11^ ^ II l|2 

~ ll^oll^o-' ||'^o||//o-' ^ ^ ll'^olljl^o-' ) 

(where we also used a' > 2, by (I3.4p l which is consistent with Proposition 12.11 for cq sufficiently 
small. 

For the pressure term V, we simply use the divergence free condition: 

R = - y (V)'"' 4 i^y' dip^^^dydz = J {Vy' 5*^ {Vy' p^^^dydz = 0. 

The forcing term is straightforward from (13.3p . indeed it follows immediately that 

I (V)"' ui, {vy' Pdydz < \\uo\4.' . 

Hence, the improvements to (|2.46cl) and (|2.46bp follow for e and cq sufficiently small. 
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11.2 Improvement of fl2.46al) 


The improvement of ()2.46ap is very similar to those of (I2.46cp and (|2.46bp with the exception of 
the lift-up effect term. Indeed, by (j.l.ip . 



- {t)~^ j (V)"' ul {Vy' uldydz + (t)-^ j (V)"' ul {Vf y^dydz. 


All the terms are treated as in ^ll.ll except of course the lift up effect term. For this we use (j2.46p . 


-(t) Uodydz < 4e (t) ^ ||wo||j:^, 


From here, one applies the super-solution method used in ^ We omit the details for brevity as it 
follows the same. 
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A Fourier analysis conventions, elementary inequalities, and Gevrey 


spaces 


We take the same Fourier analysis conventions as [1|; we briefly recall them here for completeness. 
For f{x,y,z) in the Schwartz space (or {X,Y, Z)), we define the Fourier transform fki'n,l) where 
{k,r],l) G Z X M X Z and the inverse Fourier transform via 



With these conventions: 



k 



(V/)fe(r/,/) = {ik,ir],il)fk{r],l). 
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The paraproducts defined above in ^4.2l are defined using the Littlewood-Paley dyadic decomposition 
(see e.g. [2] for more details). Let V' £ I^+) be such that = 1 for < 1/2 and = 0 

for ^ > 3/4 and define p(^) = '(/(^/2) — '0(0) supported in the range ^ £ (1/2,3/2). Then we have 
the partition of unity for ^ >0, 


1 = ^ p(M-iO, 

Me2Z 

where we mean that the sum runs over the dyadic integers M = ...,2“-^,..., 1/4,1/2,1,2,4, ...,2-^,... 
and we define the cut-off puH) = each supported in M/2 < ^ < 3M/2. For / G 

L^(T X M X T) we define 


/m =/?m(|V|)/, f<M = ^ fK, 

K&2^:K<M 


which defines the decomposition (in the sense) 


/ = /m. 

Me2Z 

There holds the almost orthogonality and the approximate projection property 


ll/ll^ 

“ E ii/«iii 

(A. la) 


M& 2 ^ 


II/MII2 - 

- (/m)~m 2 ) 

(A.lb) 


where we make use of the notation 

fr^M ^ ^ /k ) 

K&2^-.^M<K<CM 

for some constant C which is independent of M. Generally the exact value of C which is being used 
is not important; what is important is that it is finite and independent of M. Similar to (lA.ll) but 
more generally, if / = Dj for any Dj with -^2^ C supp Dj C C2^ it follows that 

ii/ii2“cEiiO)iL (A'2) 


Recall the following two lemmas. 

Lemma A.l. Let f{^),g{^) £ L|(M'^), ^ L|(M'^) and (^)‘^6(^) £ L|(M'^) for a > d/2, 

Then we have 

ll/•'•ll2S,.ill/ll2ll(rft|l2. {A.3) 

/ I/K ){9 • ft)({)l <i{ <a 4 II/II2 II9II2 IK')’ ft|l2 {A.4) 

I I/K )(9 ./..(.)({)! d( II/II2II9II2 IK')’ ft|l2 IK')’ Hi ■ (A.5) 

Further iterates are applied for higher order nonlinear terms in Lemma \4.8\ and are similar to (|A.5I) 
but are omitted here. 
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Lemma A.2. Let 0 < s < 1, x,y > 0, and K > 1. 


(i) There holds 


2 :* — y*| < smax(x^ ^^)\x — y\. 


(A.6) 


so that if |x — y| < 


^ \^-y\"- (A-7) 

1 

Note < 1 as soon as si-® + 1 < K. 

(a) There holds 


\x + y|® < 


/ max(a;, y) 

V x + y 


l-s 


(x^ + yl, 


so that, if hy < x < Ky, 


\x + y\^ < 


K 


1 + K 


l-s 


(x^ + y^). 


(A.8) 


(A.9) 


Gevrey and Sobolev regularities can be related with the following two inequalities: 

(i) For all a; > 0, a > /3 > 0, C, (5 > 0, 

(ii) For all a; > 0, a, u, 5 > 0, 

~ / \ (7 * 

d<^ {x) 

Together these inequalities show that for a > /3 > 0, ||/||gc,a;/3 <a,i 3 ,c,s,cr ||/||g5.o;c,. 


(A.IO) 


(A.ll) 


B Definition and analysis of the norms 

B.l Definition and analysis of w 

As mentioned above in 1)2.51 the multipliers we use are variants of those used in mw, and we build 
on those constructions. We hrst begin by dehning w{t,r]), which is used to construct w{t,i]) and 
'w^{t, k,r]). For w and w we use the same multipliers as [1], however, we include the constructions 
here for completeness and also to make the explanation of w^{t,k,r]) more natural. 

In what follows fix k, y > 0; we will see that the norms do not depend on the sign of k and 
y. Further, recall the dehnitions in ^1.31 The multiplier is built backwards in time, which makes 
resonance counting easier. Let t G Ik^n- Let 'w{t,y) be a non-decreasing function of time with 
w{t,y) = 1 for t > 2y. For A: > 1, we assume that w{tk-i,rj) was computed. To compute w 
on the interval we use the behavior predicted by the toy model in (I2.34p . For a parameter 
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K > 1 fixed sufficiently large depending on a universal constant determined by the proof, for k = 
1, 2,3, we define 




r] L 

Tj 

w(t,r]) = + - 


fc'J 

— 1—K, 


Vi e 4^^ = 


H f 


, V 
w — 


Vi G 1^ ,^ — 


+ 1 


The constant is chosen to ensure that ^ [l + bk,Tj\tk-i,rj — ^1] = Ij hence for k >2, 


(B.la) 
(B.lb) 
we have 


bk,r) — 


2(A:- 1) 
k 


1 - 




(B.2) 


and bi^jj = 1 — l/rj. Similarly, is chosen to ensure ^ [l + ak^r]\tk,ri “ f I] = Ij which implies 

2(A: + 1) 


^k,r) — 


k 


k^ 

1 — 
ri 


(B.3) 


Hence, we have w{^) = ( — j and w{tk^r]) = i^(ifc-i,r?) ( ~ ) • For earlier times 

[0,tE(^)^n]: ''^6 take w to be constant. Next, we will impose additional losses in time on w: 


w(t, r]) = w{t, Tj) exp 


-i: 


•oo 

-K I In 


< 2 n/n 


dr — K 


i: 


I M 

y/W\<T<^\v\ r2 ' 


Next, we define wf.{t,rj). Suppose t G Ik,n then, for k' / k, 




wl{t,v) 


_ d _ 

k'^ (l + bk,n |i “ fcl) 
_ d _ 

k'^ (l + ak,rj |i - f I) 


w{t,r]) 

w{t,v) 


wit,!]) 'it£lk,rj, 


Vt G ^^,ri — 
Vi G Ik,ri = 


\+ H] 

lnk,rj, ^ ■ 


(B.4) 


(B.5a) 

(B.5b) 

(B.5c) 


and we take w^{t,rj) = w{t,r]) if t 0 for any j. 

The following lemma is essentially Lemma 3.1 in [7] and shows that w{t,ri)~^ loses some fixed 
radius of Gevrey-2 regularity. The proof is omitted for brevity. 


Lemma B.l. There is a eonstant /r (depending on k) and a constant p > 0 such that for all \r]\ > 1, 
we have 

—-— < —i~ rj-Pe^^ 
w{t,r]) w{l,r]) 

- - - < - - -~ n-Pe^Vv 

where is in the sense of asymptotic expansion (up to a multiplicative constant) as rj ^ oo. 

The following lemma is from [Tj, and shows how to use the well-separation of critical times. 

Lemma B.2. Let 4^ be such that there exists some K >\ with ^ |4 <\ri\ < K |4 and let k,n be 
such that t G Ik,ri t G 4,^ (note that k k, n). Then at least one of following holds: 
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(a) k = n (almost same interval); 


(^) k fcl — IOj 


iokW 


and 


t — 


- (far from resonance); 


(c) \v-^\ (well-separated). 


The next lemma tells us how to take advantage of the time derivative of w and hence the CK^ 
terms. 


Lemma B.3 (Time derivatives near the critical times). If t < then there holds 

dtw{t,ri) ^ dtwlit,!]) _ ^ 
wl{t,ri) ^ 

If we instead have t G Ir^n for some r, then the following holds 
dtw{t,r]) dtwl{t,r]) 


(B.6) 


K. 


w{t,r]) wl{t,r]) 


1 + 


+ 




1+ 2 _t 


+ 


K, \r\ 


(B.7) 


The next lemma is from [1] and is a variant of Lemma 3.4 in [7]. It is important for estimating 
nonlinear terms where we need to be able to compare CKy^ multipliers of different frequencies. 


Lemma B.4. (i) For t > 1, and r],f^ such that t < ,\ri\), 


dtw{t,r]) w{t,^) 




w{t,r]) dtw{t,() 

(a) For all t'>l, and r;,^, such that for some K > 1, ^ \^\ < \r]\ < 


(B.8) 


w{t,() 




l dtw{t,r]) 
w{t,r]) {ty 


ih - 0" ■ 


(B.9) 


By Lemma \B.tA these hold also for (and we do not need to make a distinction). 

The next lemma from [3] and is an easy variant of the analogous [Lemma 3.5, [7j]. It is of crucial 
importance for estimating nonlinear terms we need to be able to compare ratios. 


Lemma B.5 (Ratio estimates for nonlinear interactions). There exists a K > 0 such that for all 


w{t,0 


(B.IO) 


Next, we want to write the analogue of Lemma IB.51 for which is somewhat trickier. Instead 

of Lemma IB.51 we have the following, which is analogous to [Lemma 3.6, [7]] (although here easier 
due to the simpler k dependence). 


Lemma B.6. There is a universal K > 0 such that in general we have 

Wk'iv) < t Ku\k-k\v-£f/^ 

'wUC) ^ \k\ + \r]-kt\ 


(B.ll) 


no 





























If any one of the following holds: (t ^ 1 ^, 77 ^ or (k = k') or (t £ t 0 ^k,^) then we have the 
improved estimate 




(B.12) 


Finally ift£ 1^/^^ and k ^ k', then 

wUO t 

Remark B.l. In the case t G k 7 ^ k', the only case where (IB.Ill) is needed, we also have 

|r/| Ri 1^1 and from (IB.lip . the definition (IB.5I) . and (IB.7p . Lemma fB.dl and (lA.lip implies that there 
is a iL > 0 such that (see [7] for more information) 


wliv) ^ j dtWk{t,r]) j dtwiit,!) 

Kii\k-l,ri-^ft^ /g 

^i'(0 1^1 V '^k{t,v) Y Wi{t,^) 

Remark B.2. Notice the appearance of as opposed to Ik,rj- Each are defined in (11.31 The use 
of I is to rule out the end case t k. for example, we see that (IB.121) holds if t Ri \/W\ even if 

t G Ik,n hence inequalities like (|B.14p will not be necessary. 


B.2 The design and analysis of 

We also recall the definition of the multiplier wl from [3]. We define wl such that it solves the 
following: 

Ifel (1) 

dtwiit, k, r], 1) = j^i 2 ^ ^ (B.15a) 

WL{l,k,r],l) = 1. (B.15b) 


Since the following holds uniformly in k,l,ri: 


r _ m _ 

Jo k^ + P + \g-kt\^ 


the multiplier wl is 0(1) and hence will have very little effect on most estimates. 


(B.16) 


C Elliptic estimates 

In this section, we group and discuss all of the necessary “elliptic” estimates on A)r^. We will need 
the estimates from [3] as well as a number of new estimates specific to the above threshold case. 

C.l Lossy estimates 

First, recall the lossy elliptic lemma [Lemma C.l, [3]]. 

Lemma C.l (Lossy elliptic lemma). Under the bootstrap hypotheses, for cq chosen sufficiently 
small, then for any function h and a < a, there holds 


111 




























We also need the enhanced dissipation lossy elliptic lemma [Lemma C.2, [3]]. 

Lemma C.2 (Lossy elliptic lemma II). If C satisfies the bootstrap assumptions (I2.44p . then for cq 
sufficiently small, for any function h, and 7 ' = /I + 3a + 5, 

^ (\\A^''^f>\\, + (t)-^ (C.la) 

\\dzA^-^^Afiffi\\^ + ||(^ - tdx)A^-'^Afiffi\\^ < ^ (ll^^^hll^ + (t)-' ||/.^||g.,y) (C.lb) 

\\dldi,A^-’^Afffi\\^ < ^ + (t)-' \\h^\\g.,v) , (C.lc) 

where b = 0 if n,m 1, 6 = 1 if exactly one of m or n equals one, and b = 2 if m = n = l. 
Moreover, 


\\A'^'^Afi^h\\^ + \\dxA'^'^Afffi\\^ 

dzA'^-^^Afiffi\\^ + II (^ - tdx)A'^'^Afiffi\\^ 


< 


{t) 




< 


M (||vCA7^''^-fc||^ + {t)-^ iiy iig.,,.) 


(C.2a) 

(C.2b) 

(C.2c) 


Finally, we have 


||^"■‘AiA,-l/^|| 2 <||A"’*/^|| 2 . (C.3) 

Also recall the following lemma [Lemma C.3, [1]]. 


Lemma C.3 {CK’fj^ elliptic lemma). Under the bootstrap hypotheses, for cq sufficiently small we 
have for any function h. 


dtWL 

WL 




< 


2 

V WL 


(C.4) 


C.2 Precision lemmas 

As in [1], the so-called ‘precision elliptic lemmas’ (PEL) are variations on the common theme of 
using A^^ as an approximate inverse. We will need those found in [5] and several more as well. 


C.2.1 Zero mode PELs 

The first PEL is essentially [Lemma C.4, [3]], and puts t/g in the high norm. 

Lemma C.4 (Zero mode PEL). Under the bootstrap hypotheses, for cq and e sufficiently small 
there holds. 


\\AUX < {t? ll^'Qolls + l|t^o II2 + PC-II 
(V)'< \\A^Qlf^ + (t)-2 IICol^ + e' P^^ll2 

||A[/2||^<||A2Q2||2 + ||[;2||2^^2pc-||2 

(V)2 A^u! I < IIA3q3||" + \\U^\\l + e2 pen 


l^ 


(C.5a) 

(C.5b) 

(C.5c) 

(C.5d) 
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Moreover, we have 


\\VAU^ 


2 ^ + W' l|Vt/oi2 + 11^^112 

l<\\VA^Ql\\l + \\VuX + e^\\VAC\\l. 
l<\\VA^Ql\\l + \\VU^\\l + e‘^\\VAC\\l 


(C. 6 a) 

(C. 6 b) 

(C. 6 c) 


The next PEL is specific to this work and has no analogue in [3]. This is due to the increased 
precision at which we need to understand the regularity of the zero mode of the velocity field in the 
(2.5NS) terms. 


Lemma C.5 (Zero mode CK PEL). Under the bootstrap hypotheses for t > 1, for cq and e 
sufficiently small, for i G {2,3}, there holds 




< 


+ e^ 


dtw 

—+ QJ 


?r^AA^A\c 


1 llrr?l |2 

+ IIc'oIIj 


w 


{ty 


(C.7) 


Proof. Eirst observe that 


Hence, 


dtw{t,rj)lt>il\,^\<i/2 = 0 . 


dtw , |V 


s/2 


w {ty 


-A^]{vyui, 


< 




w 


{ty 


1 IIttjI|2 

+ j^l|C'olL 


(C. 8 ) 


Therefore, similar to the nroof of Lemma 1C.41 fsee 0 ), it suffices to control the higher frequen¬ 
cies. Next, write A^lUq using the formula for A^C/q and projecting both sides of the equation to 
frequencies larger than 1 / 2 : 

(AiC/A>l/2 = (Qo)>1/2 - {GyydYYU^o + G.ydyzU^ + G,,dzzUi + /^tC^dyUl + AiC'2azC/A>i/2 

5 

= (Qo)>1/2 + (C.9) 

i=i 


Apply 


M = 


dtw T,- , |V 


s/2 




w 


{ty 


-A* 


to both sides of ()C.9p and deduce 


i=i 


(C.IO) 
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The error terms will be divided into pieces which will either be absorbed by the LHS of (IC.lOp or 
will appear on the RHS of (IC.7I) . The latter two error terms are the most difficult and they are also 
very similar, hence it suffices to treat only T 5 . First, expand with a paraproduct 

M£5 = -M {iAtC^)HiidzU^)Lo)>y^ - M - M 

= MS^-hl + + MS5-TI- (CTl) 

For the high-low term we use Lemma 14.11 and (14.71) , 




1 m > i /2 (Low{r^-U-l')di. 


{W? VV 


Hence, by (j4.29ajl and Lemma 14.111 we have 


\\M£^-^hl\ 


{ty 


w {ty ; 


which appears on the RHS of (IC.7p . To treat the low-high term in (1C.Ill) , we use a similar method 
to deduce 


\\M£5;LHf2 < cl\\MdzU^\\^ 

< cl (||Af(9zf/^)>l/2||2 + ||-^(9zt^o)>l/2||2) 



where the last line followed as in (1C.81) . The first term is absorbed on the LHS of (jC.lOl) whereas 
the second term appears on the RHS of (1C.71) . The remainder term is straightforward and can be 
treated in essentially the same way as the low-high term; see the proof of [Lemma 4.9 [3]] for a 
similar argument. As the other error terms are essentially the same, this completes the proof of 

dell). □ 


C.2.2 Non-zero mode PELs 


The next PEL is an easy variant of the analogous [Lemma C.5, [3]]. The proof is a slight variation 
of that in [3]. Here we need to deal with the large Z frequencies but this is straightforward due to 
the inequalities derived in ^4.11 and hence the details are omitted here. 

Lemma C.6 {CK PEL). Let h be given such that ||/i||gA < e (t)^ {nt^) for some a > 0 and b > 0. 
Then, under the bootstrap hypotheses, for cq and e sufficiently small, there holds. 


w{t) 


< 




w 

/+\2b-2 




-f 


6 ^ (t)^ 






w 


{ty 


(C.12a) 


The next PEL is also basically [Lemma C. 6 , [3]] and is slightly simpler than Lemma IC.61 


114 




























































Lemma C.7 (Zero order PEL). Let h he given such that ||/i||gA < e {t)^ a,b > 0. Then, 

for Co and e sufficiently small, under the bootstrap hypotheses we have for all i G {1,2,3}, 


,2 / i \ 26-2 

IIACII^, (C.13) 

Finally, from [Lemma C.7, [1]] is the following PEL for treating the linear pressure term LP3 
in the equation. 

Lemma C .8 (PEL for CK^ffi. Let h be given such that ||/i||gA < e{t)^ {yt^'^ for a,b > 0 and 
suppose C satisfies the bootstrap hypotheses. Then for cq and e sufficiently small, there holds 





2 

< 

r\j 

2 



2 

+ 

2 


^2 



c 


2 

2 


(C.14) 


The last PEL is unique to this work (it was not necessary in [3]). It is needed here to gain 
additional precision for times t > It is used in, e.g. ()5.7p above. 

Lemma C.9 (Enhanced dissipation PEL). Let h he given such that ||/i||gA < e (t)^ some 

a > 0 and 6 > 0. Then, under the bootstrap hypotheses, for cq and e sufficiently small there holds 


\/-Al^*AlAj ^h^ 



"v/— 


2 

+ 

2 


e 2 


||VZIC||2 + 


e 2 (t) 2 ^ 




(C.15) 


Proof. The proof is very similar to the proof of Lemma IC.61 (the proof of which is found in [4]). Let 
us briefly sketch the argument. Write P = Af^h^ 

AlP = h^ — Gyy{dY — tdx)^ P — Gyzidy — tdx)dzP + G^zdzzP — AtG^{dY — tdx)P — AtG^dzP 

5 

= h^ + Y,£i- (C.16) 

i=l 


We apply yJ—AiA'' to both sides of (IC.16I1 and estimate the terms on the RHS. Hence we get 


^^lA^AlP < y^^A^h^ 


2 = 1 


(C.17) 


For example, consider the hrst error term and expand with a paraproduct: 

\/—= \/—A^H® {{Gyy)Hi{dY — tdx)^PLo) + \/— {{Gyy)Lo{dY — tdx)^PHi) + 
■= £l;C + ^1;P + £l;n- 


By (14.31) , (14.lip , (14.71) , p4.29ap , and Lemma 14.111 it follows that 


-\/—AiH®Ti;P 




■\/—AlA^ AlP 


2 

1 

2 


which can hence be absorbed on the LHS of ()C.17I) by choosing cq sufficiently small. The remainder 
is treated Ti;-p, is treated similarly. Consider next £i-c for which, by the hypotheses, Lemma l4.ll 
and Lemma lC.il we have 


^l;C 


e(^) 

ffiP) 


^ X f 

aYl J \k,V-kt,l\ 




-1 


Gyy{^J')Hi Low{k,r] - f,,l -l')di; 
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the extra (t)^ from {dy — was canceled by the ^ in the definition of P and Lemma IC.li It 

follows from (j4.29ap and Lemma 14.111 that 




c 


< 

rs_/ 


(t) 


26-2 


{up) 


2a 


||V^C||2+' 


(t) 


26 


(up) 


2a 


PC1|| 


2 > 


which suffices. This completes the treatment of £i. The error terms £2 and T 3 are treated exactly 
the same. In treating the error terms T 4 and T 5 , note that there is an extra derivative on C*. 
As a result, we cannot recover a power of time from Lemma l4.ll using the low-frequency growth. 
However, there is one less power of t on P and hence there is a balance and a similar proof as that 
used on £i will adapt in a straightforward manner to the last two error terms. We omit the details 
for brevity. □ 
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